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Abstract

A platform profiles consumers using their purchase histories and selectively discloses
information to successive short-lived sellers. By shaping sellers’ prices, the platform
generates new purchase data and improves its profiles. With short-lived consumers,
the platform can learn valuations below a threshold but cannot distinguish valuations
above it. The threshold is the lowest price that sellers would not want to raise for
any consumer, even if they knew that all consumers would accept it. With long-lived
consumers, the platform can learn every valuation. We also characterize attainable
combinations of consumer and producer surplus as the platform becomes arbitrarily

patient.
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1. Introduction

Data collection in digital marketplaces has raised concerns among policymakers and antitrust
authorities about platforms’ ability to profile consumers and use this information to shape
market outcomes in ways that may reduce social welfare. Platforms collect data on consumer
behavior and decide what information to share with sellers. Amazon’s Brand Analytics, for
example, provides participating sellers with aggregate information about customer searches,
purchase patterns, and demographic characteristics.! Such information can help sellers choose
which consumers to target, which products to present to them—a practice often referred to
as product steering—and what prices to charge.? A platform’s choices about what sellers
learn can therefore influence the offers consumers encounter, the trades that occur, and the
distribution of gains from trade.

The information available to a platform, however, is itself shaped by these offers. Purchase
records do not reveal consumers’ valuations directly: what can be inferred from a purchase
or rejection depends on the offer the consumer faced. Moreover, offers that maximize a
seller’s profits need not generate the information most useful for learning about demand. By
controlling the information available to sellers, a platform can influence both current offers
and what subsequent purchase decisions reveal. Its disclosure choices thus help determine
the information the platform learns over time.

To study these interactions, we develop a model in which a platform initially lacks
information about consumers’ valuations and learns from their purchase decisions. Sellers
choose prices, while the platform controls the information they receive about consumer

demand. We characterize what the platform can learn through selective disclosure and how

'Amazon describes these tools as helping sellers select and position products, tailor advertising,
and identify opportunities for bundling. See Amazon, Brand Analytics, https://sell.amazon.com/tools/
amazon-brand-analytics.

2Empirical evidence documents how platform-provided information affects sellers’ decisions and outcomes.
Expedia’s Rev+ provides hotels with market and revenue insights to guide pricing decisions. Bar-Gill et al.
(2024) find that access to eBay’s seller analytics increases transactions, revenues, and service quality. Chen
et al. (2026) show that access to market data on Taobao leads retailers to expand their product assortments.


https://sell.amazon.com/tools/amazon-brand-analytics
https://sell.amazon.com/tools/amazon-brand-analytics
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the resulting knowledge affects trade and the distribution of surplus.

In our model, each consumer has a characteristic that determines his valuation of the
product. We think of a characteristic as a vector of demographic and socioeconomic attributes,
such as age, sex, race, education, or income. Before trade begins, a valuation is drawn for each
characteristic. All consumers with that characteristic share this valuation, and valuations may
be affiliated across characteristics.> Such dependence captures common demand factors—such
as product quality, seasonality, or fashion—alongside horizontal differences. At the beginning
of each period, a short-lived seller enters the platform with no information about previous
offers, purchasing decisions, or consumers’ characteristics. The platform, which observes all
these, sends a message to the seller. The seller then makes an offer to the consumer, who
accepts or rejects it. Consumers are short-lived in Section 3 and long-lived in Section 4.

We provide two general insights. The first concerns learning. Because sellers are short-lived,
they have no incentive to experiment with prices. To learn about consumers’ valuations,
the platform must therefore use information design to change the demand sellers expect
to face. Information design can do this in two ways. First, by selectively concealing past
offers, purchase decisions, and consumers’ characteristics, the platform can change sellers’
beliefs about the distribution of valuations. With short-lived consumers, this is the only
available channel, and we show that the platform can learn valuations below a threshold but
cannot distinguish valuations above it (Theorem 1). This threshold is the lowest price that
sellers find optimal to offer to any consumer when they know that all consumers’ valuations
are at least that price. With one characteristic, the threshold equals the static monopoly
price. Second, with long-lived consumers, information design can also influence consumers’
willingness to pay today by changing their opportunity cost of waiting. It does so by shaping
their expectations of future offers. We show that this additional channel allows the platform

to learn every valuation to any desired precision (Theorem 2).

The second insight concerns welfare. In the case of a single characteristic, consumer

3High valuations for some characteristics shift the conditional distributions of the remaining valuations
upward.



profiling allows the platform to recover the entire deadweight loss of static monopoly and
achieve efficient trade. How the gains from trade can be distributed, however, depends
on what the platform can learn. With short-lived consumers, the platform can learn only
valuations below the static monopoly price. This implies that consumers and sellers must
each retain at least their static monopoly surplus, so only the recovered deadweight loss can
be divided arbitrarily between them. With long-lived consumers, the platform can learn
every valuation. In this case, we show that all gains from trade can be divided arbitrarily
between consumers and sellers (Theorem 3).

In the remainder of the introduction, we describe the main features of the information
designs that achieve these learning outcomes and then discuss how we construct the attainable
combinations of consumer and producer surplus.

With short-lived consumers, the information design supports learning in three ways. First,
the platform shapes sellers’ beliefs about the valuation associated with a characteristic by
selectively concealing the purchase decisions of past consumers with that characteristic. This
allows it to learn valuations below the corresponding monopoly price to arbitrary precision.
Second, the platform can extend learning by concealing consumers’ characteristics. Suppose
characteristic ¢’ has a higher monopoly price than characteristic ¢. By leaving sellers uncertain
whether the current consumer has characteristic ¢ or ¢, the platform can induce offers above
the monopoly price for c. Observing how consumers with characteristic ¢ respond to these
offers allows the platform to learn their valuation up to the monopoly price for ¢’. Finally,
affiliation between the valuations associated with different characteristics allows learning to
extend further. Evidence of strong demand from consumers with both characteristics can
make sellers more optimistic about demand from consumers with either characteristic. By
selectively disclosing past acceptances of high offers, the platform can induce prices above
the higher of the two initial monopoly prices and learn additional valuations.

We next consider long-lived consumers: each consumer remains active until he purchases

and is then replaced by a new consumer. We focus on the case of one characteristic. Following



the classical literature on bargaining with one-sided incomplete information (Fudenberg,
Levine, and Tirole, 1985, Ausubel, Cramton, and Deneckere, 2002), we restrict attention to
equilibria in which consumers’ strategies are stationary and monotone.* These restrictions
provide a natural basis for comparison with short-lived consumers, whose strategies are also
stationary and monotone.

The classical literature on bargaining with one-sided incomplete information shows that
stationary-equilibrium prices converge to the lowest possible valuation as bargaining frictions
vanish. This might suggest that purchase decisions provide little scope for learning about
consumers’ valuations. In contrast, we show that, with sufficiently patient consumers, the
platform can learn every valuation to arbitrary precision. Along the equilibrium path, prices
rise in small steps, so the minimum valuation needed to accept each offer also rises gradually.
Each acceptance reveals a lower bound on the consumer’s valuation, while the first rejection
reveals a nearby upper bound. Hence, after the first rejection the platform identifies the
valuation with high precision. The information design makes the prescribed prices optimal
for sellers by shaping the prices consumers expect after a rejection. Suppose a seller deviates
by charging more than the prescribed price. If the consumer rejects, the platform conceals
earlier purchases from the next seller and tells her that the first consumer rejected the initial
offer and that all subsequent offers were made at a very low price. Believing the consumer’s
valuation to be low, this seller offers a low price to the same consumer. Anticipating this
lower future offer, the consumer is less willing to accept a higher current price, making a
price increase unprofitable for the seller.

Finally, we characterize attainable consumer and producer surplus in the one-characteristic
environment as the platform becomes patient; with long-lived consumers, the platform and
consumers share the same discount factor. In the benchmark where the platform knows
consumers’ valuations, Bergemann, Brooks, and Morris (2015) show that every feasible surplus

pair is attainable provided sellers receive at least their static monopoly profit. In our setting

4A consumer’s acceptance rule depends only on his valuation, the public belief when he enters the market,
and the current price; higher prices are accepted with lower probability.



with short-lived consumers, since consumers’ valuations above the monopoly price cannot be
learned, consumer surplus must also remain at least at its static monopoly level. However,
learning valuations below that price allows the platform to recover the entire monopoly
deadweight loss. By disclosing the learned valuations, the platform can allocate this recovered
surplus entirely to sellers. Alternatively, adapting the consumer-optimal information design
of Bergemann, Brooks, and Morris (2015) allows it to allocate the recovered surplus entirely
to consumers.

With long-lived consumers, the platform can learn every valuation and disclose this
information to sellers, allowing them to price discriminate and capture all gains from trade.
Although learning takes longer as consumers become more patient, the discounted loss of
surplus during the learning phase vanishes. The platform can also allocate all gains from
trade to consumers by withholding information about past offers and purchases. Under this
design, there is a stationary equilibrium with a constant price that converges to zero as
consumers become patient. Trade therefore becomes efficient, and consumers receive all gains
from trade in the limit.

Section 2 introduces the model. Sections 3 and 4 characterize learning outcomes when
consumers are short-lived and long-lived, respectively. Section 5 characterizes attainable
surplus outcomes. Section 6 concludes by relating our findings to the literature on dynamic

persuasion and on information and price discrimination.

2. Model

We consider a platform-mediated marketplace where consumers and sellers meet and trade.
The platform observes all transactional data and commits to a disclosure policy that governs
the information available to sellers. The platform uses disclosure to induce prices that generate
information about consumers’ valuations. We characterize the information the platform can

learn about these valuations. Our baseline model assumes that consumers are also short-lived;



we relax this assumption in Section 4.

Time is discrete, t = 1,2,.... In each period ¢, a new seller with one unit of a good enters
the marketplace and meets a new consumer with unit demand. The seller offers the price

pe € Ry, and the consumer either accepts (a; = 1) or rejects the offer (a; = 0).

Consumers. The newly entered consumer has one of finitely many characteristics
c€C:={l,...,C}. We think of characteristics as vectors of socio-economic attributes,
which determine the consumer’s valuation v} € V := [0, 1] for the good, a realization of the
random variable v.. All consumers with characteristic ¢ value the item at v}. Consumers know
their characteristics and their valuations. If offered price p, a consumer with characteristic ¢
obtains v} — p from purchasing and zero from rejecting.

Assumption 1 (Short-lived consumers). A consumer with characteristic ¢ accepts price p if
and only if vi > p.

Since consumers are short-lived, the only substantive requirement that Assumption 1
imposes is that consumers purchase when indifferent. The profile of valuations v* = (v¥).cc
is realized before period 1. We denote the associated random vector by v and its distribution
by F', with density f. The consumer’s characteristic ¢; at period ¢ is drawn independently
across periods, with A. > 0 the probability of characteristic ¢; = ¢. (It is also independent of
v.)

Assumption 2 (Affiliation and log-concavity). The density f is continuous and strictly

positive on VC, log-concave, and affiliated, i.e., for every (v,v') € VE x V¢,

FvAVIFv vV 2 f0) f(V), (1)

where A and V denote the coordinate-wise minimum and mazimum.
When valuations associated with different characteristics are independent, (1) holds with

equality.

Sellers. At period t, the newly entered seller observes only the calendar time and a



message my from the platform. If the seller offers the price p; and the consumer accepts, their
payoft is p;. Otherwise, it is zero.
Assumption 3 (Short-lived sellers). After receiving the message my, the period-t seller posts

a price that mazximizes their expected period-t profit.

Platform. The platform observes the current characteristic ¢; and the history of char-
acteristics, messages, prices, and purchase decisions. Formally, let H® := {{)} and define

recursively

H':= H"' xCx M, xR, x{0,1}.

Before play begins, the platform commits to an information design M = (M,;);>1, where

Mt : Htil xC— A(Mt)

The policy is common knowledge. Conditional on (k™1 ¢;), the platform draws the seller’s
message from M, (- | '™ ¢;). This formulation permits full disclosure, no disclosure, or

partial disclosure of the current characteristic and past transactions.

A belief system for the period-t seller maps each message into a posterior over the current

characteristic, the past history, and the valuation profile:

Mt Mt — A(C X Ht_l X VC)

Assumption 4 (Consistent seller beliefs). At every period t, the seller’s posterior is derived
by Bayes’ rule whenever possible.

Induced Game and Learning. The information design M induces a multi-stage game
[y, where at each stage/period ¢, the seller observes the message m;, posts a price p;, and
the consumer either accepts (a; = 1) or rejects (a; = 0). A perfect Bayesian equilibrium of
'y is a strategy profile and a system of beliefs satisfying Assumptions 1, 3, and 4.

An equilibrium of 'y, and the distributions F and A induce a stochastic process over



valuations, characteristics, messages, prices, and purchase decisions, and hence the platform’s
posterior over the valuation profile after every on-path history.

Definition 1 (Platform learning). Fiz ¢ > 0 and sets V. C'V for every ¢ € C. The platform
can c-learn valuations in [[.cc V' if there exist an information design M and a perfect
Bayesian equilibrium of I'yq such that, for every realized valuation profile v* € [].cc V. and
every characteristic ¢ € C, the platform’s posterior probability that v. € [V — e, vi +e|NV
converges to one almost surely.

With short-lived consumers, an accepted offer at price p gives a lower bound p on the
valuation, and a rejected offer at price p gives an upper bound p. The platform learns
by inducing prices that bring these bounds sufficiently close.® If the disclosure policy is
probabilistic, different sequences of messages may induce different sequences of prices. The
definition requires that for almost all such sequences, the prices and purchasing decisions
(almost) reveal the consumer’s valuation.’ Finally, the definition requires that the same

design and equilibrium make it possible to learn about all valuations in a given range.

Discussion. We now comment on some of the assumptions. First, the assumption that
sellers are short-lived eliminates their incentives to experiment for future profit and allows us
to study the extent to which information design alone can induce experimentation. Second,
we assume that consumers arrive one at a time, with characteristics independently and
identically drawn across periods. This assumption simplifies the notation, since each seller
posts only one price in each period. All our results extend to multiple consumers arriving in
each period and to some persistence in their characteristics.”

Third, much of the analysis extends immediately to environments in which sellers also

observe the characteristics of newly arriving consumers. The only change is that the platform

SWhen consumers are forward-looking, consumers may reject prices even though their valuations exceed
prices. Yet, as we will see, the same logic will apply.

6More precisely, the set of terminal histories at which the platform’s posterior assigns probability one to
[vF —e,v5 + €] NV has probability one, when the valuation is v} — the probability measure is the one induced
by the equilibrium.

"For example, the characteristics of newly arriving consumers can follow an irreducible and aperiodic
Markov chain. The core requirement is that consumers with each characteristic enter the market infinitely
often.



loses its ability to pool consumers’ characteristics and this reduces the range of valuations
that the platform can learn.®

Fourth, we assume that consumers with the same characteristic share a common valuation.
More generally, characteristics could predict willingness to pay while allowing for heterogeneity
within consumers with the same characteristic. In that case, Nature would draw a valuation
distribution for each characteristic, and the platform would hold a prior over these distributions.
The valuations of the successive consumers with a given characteristic would be independent
draws from the relevant distribution. Repeated offers at a given price would then allow the
platform to estimate demand at that price. Our model is the special case in which every
possible within-group distribution concentrates on a single valuation.

Finally, the main analysis abstracts from price competition between sellers. In Online
Appendix OA.2, we extend the model to Hotelling price competition with one characteristic

and short-lived consumers.

3. Learning with short-lived consumers

With short-lived consumers, the platform can influence the optimal prices of a seller only
by changing her beliefs about consumers’ valuations. These beliefs must be mixtures of
the valuation distributions associated with different histories and characteristics. Our main
result characterizes the most the platform can learn in this way: valuations below a common
threshold can be learned arbitrarily precisely, while those above it cannot be distinguished.

We first define the threshold, then state the result and explain the intuition.

8In footnote 9, we explain how our main result, Theorem 1, is modified.

10



3.1. The learning threshold

Set p° = 0 and, for k& > 1, define

p¥ = argmaxp Pr(vc > plue > pFt for every ¢ € C) , (2)
p>pk-t
p" := maxp. (3)

ceC

At each step, we calculate the monopoly price for each characteristic conditional on all
valuations being at least the preceding threshold, and take the highest of these prices as the
next threshold. Since p*~! < p* < p* < 1, all characteristic-specific price sequences converge

to a common limit:

(e) k

p>* = lim p

Jim p* = kh_}rgop’(f for every c € C. (4)

In words, p*> is the lowest price that sellers find optimal to offer to any consumer when
they know that all consumers’ valuations are at least p>°. With one characteristic ¢, p*>
equals the static monopoly price p!. With independently drawn valuations, p> = max, p..
Affiliation can raise p> further, because high valuations for other characteristics make a high

valuation for the current consumer more likely.

Example 1 (Correlated valuations). Suppose |C| = 2 and, for K > 0, let
f(v1,v2) o exp[— K max{v; — v2,0}], (v1,02) € [0, 1],

The density satisfies Assumption 2, with higher K implying stronger affiliation. Figure 1
shows how the two static monopoly prices pi and pi and the learning threshold p™ generated
by (2)—~(4) vary with K. As K | 0, vy and vy become independent uniform draws on [0, 1],
so all three prices converge to 1/2. As K — oo, the joint distribution of (vi,vs) converges
to the uniform distribution over the triangle 0 < vy < wvy < 1, so the static monopoly prices

converge to 1/3 and 1/+/3, respectively, while p> converges to one.

11
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Figure 1: Static monopoly prices and the learning threshold.

3.2. Main result and intuition

The following theorem characterizes the scope for learning through information design when
consumers are short-lived.
Theorem 1 (Learning threshold).

(i) No learning above p>™. For every information design, every induced equilibrium,
and every characteristic ¢, any two valuation profiles that coincide in all coordinates
except ¢, with both values of coordinate ¢ in [p™, 1], induce the same distribution over
platform histories.

(ii) Learning below p>. For every ¢ > 0, the platform can e-learn all valuations in
[0, p> —¢)°.

In the remainder of this section, we develop the intuition behind Theorem 1.° With

one characteristic, we explain why learning is limited above the threshold and how conceal-
ing histories permits arbitrarily precise learning below it. We then show how concealing

characteristics and affiliation each expand the range of valuations that can be learned.

91f sellers observe consumers’ characteristics, an analogous statement of Theorem 1 applies, with the only
difference that the learning threshold is now defined for each ¢ € C as p2° := limy_,o0 p¥, where p? = 0 and,
for k > 1, p¥ := arg maxppPr(vc >p | Ver > ﬁffl for every ¢’ € C).

12



3.2.a. One characteristic. Suppose all consumers have the same characteristic ¢ and the prior
over their common valuation is uniform on V. The learning threshold is therefore p> = 1/2.
The first seller charges 1/2, which consumers accept if v* > 1/2. In period 2, the platform can
only induce mixtures of two conditional valuation distributions: uniform on [0, 1/2] following
rejection and uniform on [1/2, 1] following acceptance. Consider the following information
design. The platform sends (R, 1/2) whenever the first offer is rejected. When it is accepted,
the platform sends (A, 1/2) with probability ¢ and (R, 1/2) with probability 1 — ¢.

A seller receiving (A, 1/2) has the most optimistic available posterior, uniform on [1/2,1],
yet still charges 1/2. This remains an upper bound on prices in subsequent periods, so all
valuations above it generate identical purchasing decisions and cannot be learned.

A seller receiving (R, 1/2) assigns probability 1/(2 — ¢) to rejection and probability
(1 —¢)/(2 — ¢) to concealed acceptance. Her posterior is the corresponding mixture of the

two uniform distributions, and her optimal price is

As ¢ rises from zero to one, this price falls continuously from 1/2 to 1/4. By selecting ¢, the
platform can therefore induce any price in this interval.

By gradually increasing ¢ over time, the platform can make prices fall in arbitrarily small
steps. An intermediate acceptance does not stop the design: the platform continues to use
that history in subsequent pooling. Once prices reach 1/4, the platform adapts the design
by pooling histories in which the initial offer of 1/2 was rejected and the offer of 1/4 was
accepted with histories in which all offers down to 1/4 were rejected. This corresponds to
garbling uniform valuation distributions on [1/4,1/2] and [0, 1/4], respectively. Applying
the same design allows prices to fall from 1/4 to 1/8 in small steps. The first acceptance
following rejection locates the valuation between two successive prices; continued rejections

eventually locate it below an arbitrarily small price. For any € > 0, this design allows the

13



platform to e-learn every valuation below 1/2 within a finite number of periods.

3.2.b. Two independent characteristics. The platform can extend learning beyond charac-
teristic-specific static monopoly prices by concealing characteristics. To see this, suppose that,
in addition to characteristic ¢, there is another characteristic ¢/, whose valuation is drawn
independently of v. from a prior with a static monopoly price of 3/4. With characteristics
disclosed, the preceding design allows the platform to learn valuations below 1/2 for ¢ and
below 3/4 for ¢. Concealing characteristics extends learning for ¢ into [1/2,3/4).

Consider a message (¢, A, 3/4), stating that the current consumer has characteristic ¢
and that the initial offer of 3/4 to that characteristic was accepted. The platform sends this
message with probability ¢ when these statements are true. It also sends it with probability
when the current consumer has characteristic ¢ and the initial offer of 1/2 to that characteristic
was accepted. Otherwise, it reveals the true characteristic and purchase history.

A seller receiving (¢, A,3/4) therefore faces a mixture of two valuation distributions:
uniform on [1/2, 1] for characteristic ¢, and the distribution of v conditional on v, > 3/4.
Let 6 be the seller’s posterior probability that the current consumer has characteristic c¢. For

6 > 0, her optimal price is'”

p(f) = min {i, 14—;0} )
By adjusting ¢ and ¢, the platform can vary 6 and induce any price between 1/2 and 3/4.
To learn valuations in this interval, the platform repeatedly cycles through finitely many
pairs (¢, 1), chosen to induce prices between 1/2 and 3/4 with gaps smaller than . Each
grid price is eventually offered to consumers with characteristic ¢ with probability one. Their
responses locate every v} € [1/2,3/4) between an accepted and a rejected price less than e

apart.

YFor p € [1/2,3/4], expected profit is p[(1 — 0) + 20(1 — p)]. The first-order condition 1 + 6 — 40p = 0
gives p* = (1 +6)/(40). For 0 < § < 1/2, profit is increasing on this interval, so the optimal price is 3/4.

14



3.2.c. Affiliated valuations. Now allow the valuations of ¢ and ¢ to be affiliated, while
their static monopoly prices remain 1/2 and 3/4. The platform can still use the preceding
designs to learn valuations below 3/4 for both characteristics. Affiliation can extend learning
further because purchases by consumers with one characteristic provide information about
the valuation associated with the other.

To do so, the platform reveals the current consumer’s characteristic and sends a message
(All, A, 3/4), stating that earlier offers of 3/4 were accepted by consumers of both characteris-
tics. It sends this message whenever both acceptances occurred and with a small probability
¢ otherwise. When it does not send this message, it reveals the actual purchase history.

For small ¢, a seller receiving (All, A, 3/4) assigns probability close to one to both valuations
being at least 3/4. Her optimal price is therefore close to the corresponding conditional
monopoly price, p? or p%, defined by (2) for k = 2. Affiliation can make these prices strictly
higher than 3/4. The platform then applies the preceding learning design to each characteristic
and conceals characteristics to extend learning for both toward p? = max{p?, p}.

Repeating this construction with messages (All, A, p¥) makes the common learning thresh-
old approach p*> = lim_,., p*. At this threshold, even a seller who knows that both valuations
are at least p™ finds it optimal to charge p>, whichever characteristic she faces. This remains

an upper bound on prices, so valuations above it cannot be distinguished.

3.3. Comparison with full disclosure

To illustrate the role of information design, we compare the learning outcome in Theorem 1
with what the platform learns under full disclosure. Under full disclosure, each seller observes
the current consumer’s characteristic and the complete history of consumers’ characteristics,
offers, and purchasing decisions. Proposition 6 in Online Appendix OA.1 provides a full

characterization of learning under this benchmark.
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(a) Full disclosure (b) Full disclosure (c) Information design

Characteristic 1 first Characteristic 2 first Arbitrary precision
V2 V2 V2
1 1 1
o ° @
0.5 1 0.5 1 0.5 1
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Figure 2: Full disclosure and information design in Example 1 for K = 10. Shaded rectangles
show the limiting posterior supports: [0.3628,0.4384) x [0.6030, 1] in Panel (a), when charac-
teristic 1 arrives first, and [0.2149, 0.4298) x [0.5645, 1] in Panel (b), when characteristic 2
arrives first. Dots mark the true profile (0.40,0.65), and dashed lines mark p> ~ 0.698.
Panel (c) shows the limit as learning precision improves under information design.

Consider first one characteristic, with valuation distribution F. Set py = 1 and define

pr = arg maXp[F@t—l) — F(p)}, t>1. (5)
pe[ovl/;tfl}

Here, p; is the static monopoly price, and p; is the optimal price when the seller knows
that v < p;_1. Under full disclosure, for any v > 0, prices fall along this sequence until the
first acceptance. If p; is the first accepted offer, the platform’s posterior is F' conditional
on [P, pr—1). Every subsequent seller charges p;, so learning stops. Our design can refine
these intervals by inducing smaller price reductions after rejection, allowing arbitrarily precise
learning of every valuation below p;.

With affiliated valuations, information about one characteristic also affects prices offered
to the other, so the learning outcome under the full disclosure policy can depend on the
order of arrivals. For a given valuation profile, full disclosure therefore generates a probability
distribution over learning outcomes.

We illustrate this by returning to Example 1 with K = 10, for which p> ~ 0.698. We

16



fix the realized valuations to (vf,vs) = (0.40,0.65) and set \; = Ay = 1/2. Under full
disclosure, the platform’s limiting posterior is uniform on one of the two rectangles shown in
Panels (a)—(b) of Figure 2, depending on which characteristic arrives first. Each outcome
occurs with probability 1/2. In either rectangle, the monopoly price for each characteristic
equals the lower endpoint of its valuation interval. All subsequent offers are therefore accepted,
and learning stops. Since both realized valuations lie below p>°, our design can instead learn

both arbitrarily precisely, as illustrated in Panel (c).

4. Long-lived consumers

We now consider long-lived consumers, while retaining the assumption that sellers are short-
lived. With short-lived consumers, information design can influence demand only by changing
sellers’ beliefs about valuations. With long-lived consumers, it can also change consumers’
willingness to pay today by shaping the future offers they expect after rejecting the current
offer. We show that this additional channel allows the platform to learn every valuation to
any desired precision.

We focus on the case of one characteristic and suppress the characteristic subscript. A
single consumer is active in each period and, after accepting an offer, exits and is replaced
by a new consumer with the same valuation. Consumers observe the public history and the
platform’s messages and discount future payoffs by dp € (0,1).!" That is, a consumer who
enters in period ¢ obtains a payoff of 5}55,,_'5(2}* — py) if he purchases in period t' > t at price
py, and zero if he never purchases. We maintain Assumption 2 throughout.

We follow the literature on bargaining with incomplete information and restrict attention
to equilibria in which consumers’ strategies are stationary and monotone; see Fudenberg et al.
(1985) and Ausubel et al. (2002, Sections 3-4). These restrictions also make the models with

short- and long-lived consumers comparable, because short-lived consumers’ optimal behavior

ATl our results also hold if consumers do not observe the platform’s messages, with only minor modifications
to the constructions for learning with long-lived consumers.
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is stationary and monotone.

Fix an information design and a belief system. Write p;(- | m;) for the seller’s marginal
posterior over v after receiving message m;; we refer to this as the public belief. For a
consumer entering in period t., let e = (h's~!, m;, ) record his entry history and initial message;
we assume that consumers observe histories. Denote by 3, (™!, my, p,v) the probability
that the consumer with value v and entering in period t, accepts price p. The strategy
Bi. (WY, my, py, v) is stationary and monotone if there exists a function 8 : Ry x [0,1] — [0, 1]
such that By, (h'=1, my, ps, v) = B(ps,v) for all (A1, my, p,v) such that v is in the support of
the public belief y;(- | m;), and B(py, v) is decreasing in p.

As in Gul, Sonnenschein, and Wilson (1986), stationarity is not imposed at all profiles
(v, (R, my, p¢)). As we explain in Online Appendix OB.1, imposing it at all profiles is a
strong requirement, often inconsistent with sequential rationality.

Definition 2 (Monotone stationary equilibrium). For a fized information design, a monotone
stationary equilibrium is a strategy profile and a belief system such that:

(i) Each player’s strategy is sequentially rational.

(ii) Beliefs satisfy Bayes’ rule whenever possible.
(iii) Every consumer’s strategy is stationary and monotone, and any two consumers entering
when the public belief is the same have the same stationary rule.

We restrict attention to weak perfect Bayesian equilibria with stationary, monotone
consumer strategies. Consumers who enter with the same public belief must use the same
rule; consumers who enter with different public beliefs may use different rules. This is a
weaker requirement than requiring all consumers to adopt the same strategy.'> We impose
no additional restrictions on off-path beliefs. However, our constructions do not rely on

“unreasonable” off-path beliefs. In particular, the belief system supporting the construction

12The stronger requirement would be too demanding. To see this, suppose that the platform fully discloses
the realized history. The very first consumer rejects the initial price p; even when their valuation v is strictly
larger than p; since they expect lower offers in the future. Now, consider the history where the current seller
believes that the consumer’s valuation is in [p1, 1]. Since there is full disclosure, no sellers will ever price
below p; in all subsequent histories. A consumer with valuation at least p; therefore accepts an offer of p; at
this history, even though the first consumer rejects that same price.
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of Theorem 2 arises as the limit of Bayesian beliefs generated by common perturbations of
consumers’ and sellers’ strategies. Online Appendix OB.4 establishes this result and discusses
its relation to standard equilibrium refinements.

We first examine what the platform can learn under full disclosure (Section 4.1). We then

show how information design can improve on this benchmark (Section 4.2).

4.1. Full disclosure

This analysis draws on the one-sided incomplete-information bargaining literature, particularly
Fudenberg et al. (1985), Ausubel et al. (2002), and Sobel and Takahashi (1983). A central
result is the Coase conjecture: prices converge to zero as consumers become perfectly patient.
This might suggest little scope for learning and seller profits. This intuition is not correct.
First, although prices before the first purchase converge to zero as g — 1, the valuation
of the indifferent consumer need not, so purchasing decisions remain informative. Second,
a purchase creates an information externality: it reveals to the next seller that the next
consumer’s valuation is above the valuation of an indifferent consumer at that price, allowing
her to charge a higher price. The purchasing consumer does not internalize this effect because
he exits the market. These sellers can therefore earn positive profits even as consumers
become perfectly patient.
Proposition 1 (Full disclosure). There exists a stationary equilibrium with the following
properties:

1. Prices and purchasing decisions. On path, if all previous offers have been rejected,

seller t posts

Py =(1—05) > 0pbyy (6)
k=0

where b is the valuation of a consumer indifferent between accepting the current offer and

waiting to buy next period."* A consumer with valuation v accepts if and only if v > b}.

13The proof of Proposition 1 relies on arguments developed in the literature on bargaining models with
one-sided incomplete information. For completeness, we provide the proof in Online Appendix OB.2.
“That is, bf — p} = 05 (b} — piy1)-
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2. If p; is the first accepted offer, every seller t' >t posts a price bf, and every consumer
accepts. Furthermore, the sequence (bf)i>o starts at by = 1, is strictly decreasing, and
converges to zero as t — o0.

3. Learning. At the end of period t, the platform’s posterior is F' conditional on v € [0, b})
if no offer has been accepted. If the first acceptance occurred in period 1 < t' <'t, its
posterior is F' conditional on v € [b},b},_,) and remains unchanged thereafter.

Before the first purchase, the equilibrium exhibits successive skimming: each rejection
lowers the posterior’s upper bound, so the valuations of the marginal consumers and the
offers both fall. A first purchase in period ¢ instead reveals v* € [bf,bf ;), and consumers
purchase at a price of b in every subsequent period.

Learning is determined by the sequence of indifferent consumers (b;}). Patient consumers
require a lower price to accept today because they can wait for future offers. Inducing the
same indifferent consumer (and so the same demand) therefore requires a lower price than in
the myopic benchmark. If this price reduction is proportional across valuations, the seller’s
revenue falls by the same proportion for every choice of demand, leaving her optimal choice
unchanged. Otherwise, patience can change which valuations the seller finds most profitable
to serve.

With the uniform distribution, the price reduction is proportional across valua-
tions. Hence, the sequence of indifferent consumers is independent of dp and equals
{1/2,1/4,1/8,...,1/2,...}.7% For example, if v* € [1/4,1/2), the first consumer rejects the
first offer and accepts the second, whose price converges to zero as dg — 1. Every seller
entering in period ¢ > 2 then knows that the consumer’s valuation lies in [1/4,1/2) and
charges 1/4. Thus, even as the first purchase price approaches zero, the purchase remains

informative and subsequent sellers charge a positive price.

15This independence of the cutoffs extends to power priors F(v) = v®, a > 0, and already follows from
the characterization in Sobel and Takahashi (1983, Section 4). Online Appendix OB.2 also illustrates that
nontrivial learning persists when consumers are very patient for nonuniform priors.
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4.2. Learning beyond full disclosure

Theorem 2 establishes two points. First, as in the case with short-lived consumers, information
design expands what the platform can learn relative to full disclosure. Second, it allows
valuations above the static monopoly price to be distinguished, which is impossible with
short-lived consumers.

Theorem 2 (Learning with patient consumers). For every e > 0, there exists a threshold
dp < 1 such that, for every dg € [0, 1), the platform can e-learn all valuations in finite time.

Figure 3(a) illustrates the equilibrium path. Sellers charge increasing prices p; < ps <
-+ < pr(sg) until an offer is rejected or the final offer is accepted. The blue points represent
these offers, while the red points represent the valuations b; of consumers indifferent between
accepting p; and waiting. If p; is the first rejected price, the platform learns that v* € [b;_1, b;)
when ¢ > 2, and that v* € [0,b1) when ¢ = 1. In Figure 3(a), the first rejected price is ps,
which reveals that v* € [by, b5). The information design behind Theorem 2 shapes demand
so that it is highly price insensitive below p; but drops sharply when the price exceeds py.
Figure 3(b) illustrates the demand faced by a seller entering in period 5 after all prices
P1,---,ps4 have been accepted. This shape of demand makes p;, optimal for the seller. The
discontinuous drop in demand when the price rises above p; is not essential; the information
design can be modified to generate continuous demand.

We now explain the information design that makes these prices p; incentive compatible.
The construction uses a low continuation price by, induced by the message that the first
offer p; was rejected. Following acceptance of (py,...,pi—1), a new consumer enters and
the platform reveals that v* > b;_;. The platform now wants the seller to charge a price
p: that is accepted if and only if v* > b;, where b, > b;_; is chosen so that by — b, < e.
Rejection would then locate the valuation within an interval shorter than e. If p,; is rejected,
the platform reveals that v* € [b;_1,b;), and the next seller charges r(b;—1). If this offer is also
rejected, the platform sends the message “the offer p; was rejected,” conditional on which the

next seller charges by. Writing r(v) = (1 — dg)v + dgby for v > by, the price r(b;—1) makes a
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consumer with valuation b;,_; indifferent between accepting and waiting another period to
buy at by. In turn, p; must make a consumer with valuation b, indifferent between accepting
today and buying at r(b;_1) next period, i.e., by — p; = 0p[by — r(bi—1)].

To make p; optimal, the platform specifies what sellers learn following deviations. Suppose
the seller charges p > p;. If this offer is rejected, the platform conceals the history and sends
the next seller the message “the offer p; was rejected.” Conditional on this message, she
charges by. The prospect of buying at by makes waiting more attractive, causing demand to
drop sharply when the price rises above p;. This deters the deviation.

Now consider a lower price p € [r(b;), p;). Following rejection, the platform sends the next
seller the message “the offer p; was rejected” with probability ¢ and reports that v* € [b;_1, b;)
with probability 1 — ¢. Conditional on these messages, the seller charges by and r(b;_1),

respectively. By choosing ¢ so that
be—p = 85 |b — b — (1= $)r(bi1)],

the platform ensures that the indifferent consumer remains b;, so the seller serves the same
consumers at a lower price and earns less.

If the seller charges a price below r(b;) and the consumer rejects, the platform sends
subsequent sellers the message “the offer p; was rejected,” conditional on which they charge
bo. This means that in period ¢, when consumers receive an offer p < r(b;), they have the
same willingness to pay as in period 1. Seller ¢ faces the corresponding demand conditional
on v* > b,_1. Among these deviations, the seller does best by charging r(b;_1), which every
remaining consumer accepts. Choosing b, sufficiently close to b;_; ensures that almost every
remaining consumer accepts p;. Since p; > r(b;_1), the seller’s expected profit can then be
made greater than 7(b;_1). The platform can therefore deter these deviations while ensuring

bt — bt—l < E.
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Figure 3: Equilibrium path and demand. Uniform prior, v* = 0.412, g = 0.95, and
an information design that generates e-learning with e = 0.1. Panel (a) shows the first ten
periods. Filled blue circles mark accepted prices, the open blue circle marks the first rejected
offer ps, and red circles mark the marginal valuations b;. Rejection identifies v* € [by, bs),
where by ~ 0.366 and b; ~ 0.458. The price is 7(by) in period 6 and by thereafter. Panel (b)
shows the probability of acceptance at each price, conditional on v* > b,.

Repeating this construction after each acceptance yields a finite sequence of offers that
partitions the valuation range into intervals shorter than €. The first rejection, or acceptance
of the final offer, identifies the interval containing v*. The resulting equilibrium has stationary
and monotone consumer strategies. From some finite date onward, each seller earns at least
v* — e. Section 5 shows how to choose the learning phase so that its discounted cost also

vanishes as patience increases.

4.2.a. Moderately patient consumers. Theorem 2 establishes learning throughout the support
when consumers are sufficiently patient. In Online Appendix OB.3, we extend the result to
every dg € (0,1): for every € > 0, there exists a finite date by which the platform can e-learn
all valuations in [0, 1].

In the construction above, a high dp ensures that the initial interval [0,b,) is shorter
than €. For less patient consumers, we add an initial stage of decreasing offers. Prices and
acceptance cutoffs are chosen jointly so that each offer is optimal for the seller, and the final

cutoff is below e. If the initial consumer rejects every offer, the valuation is already learned.
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Otherwise, his first purchase identifies an interval between two consecutive cutoffs, and a new
consumer enters. Within that interval, we can use the construction used in Theorem 2 to

obtain e-learning.

5. Consumer and producer surplus

In this section, we characterize the combinations of consumer and producer surplus that the
platform can attain in the one-characteristic environment. The platform discounts future
surplus with factor § € (0, 1), and we focus on the attainable outcomes as § T 1. We analyze
environments with short-lived and long-lived consumers, setting g = d in the latter.

Fix an information design M and an induced equilibrium. Let a; indicate whether trade
occurs in period t, and let p; denote the price. Discounted producer and consumer surplus are

PSs(M) = (1 —68) > 6" "Elape],

t>1

CSs(M) = (1 —=6)> 0" 'Ela:(v — py)].

t>1

Expectations are taken over v, the information design, and any equilibrium randomization.
The factor 1 — § expresses welfare as discounted average surplus per period. For a fixed
induced payoff sequence, discounted average surplus Xs(M), X € {PS, CS}, converges to
the sequence’s long-run (Cesaro) average as § T 1, whenever that average exists. Because
marginal cost is zero, the maximum ex ante expected total surplus in any period is E[v],
attained when trade always occurs.

Before play, the platform may publicly randomize over finitely many information designs,
independently of v. Fix an induced equilibrium for each design, restricted to be stationary
when consumers are long lived.

Definition 3 (Attainable outcomes). An outcome (P,C') consists of producer surplus P and

consumer surplus C. An outcome (P,C) is asymptotically attainable if there is a family of
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finite lotteries over information designs {ms} satisfying
Wm E| v, |(PSs(M), CS5(M))] = (P.C).

A useful benchmark is the set of attainable outcomes with static information design when
the platform observes the realized valuation v* from the outset; surplus is still evaluated ex
ante over v. Let p be the static monopoly price, and let PS(p) and CS(p) be the corresponding
static producer and consumer surplus. In this informed-platform benchmark, Bergemann
et al. (2015) show that every nonnegative surplus pair with total surplus no greater than

E[v] and producer surplus at least PS(p) is attainable. This set is region A + B in Figure 4.

PS

Bergemann et al. (2015)
A+ B

Short-lived consumers
B=A

A SL

B Long-lived consumers

C

e Static monopoly

i cs

|
|
|
|
|
|
1
Il
T T

0 CS(p) Ejv] - PS(p)  E[v]

Figure 4: Attainable consumer and producer surplus. Schematic comparison with
the informed-platform benchmark of Bergemann et al. (2015). The black dot is the static
monopoly outcome, and the diagonal is PS + CS = E[v]. The dynamic sets are limiting
outcomes as 6 T 1, with dg = 0 for long-lived consumers.

The next result characterizes attainable outcomes when the platform uses information
design to learn v*. Let Agp, and Apy, denote the sets of asymptotically attainable outcomes

with short-lived and long-lived consumers, respectively.
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Theorem 3 (Attainable surplus outcomes).

(i) Short-lived consumers.

Asp, = {(P,C) : P> PS(p), C>CS(p), P+C <E[]}.

(ii) Long-lived consumers.

AL ={(P,C):P>0, C>0, P+C <E[]}.

With short-lived consumers, every information design leaves each side at least its static
monopoly surplus. Sellers can ignore the platform’s message and charge p, guaranteeing
expected profit PS(p). Consumers retain at least CS(p) because no design can induce a price
above p. Together with the total-surplus bound, these restrictions define the triangle in
part (i). This is region B in Figure 4.

Three constructions attain its vertices. Concealing the history gives the static outcome
(PS(5). CS(7))-

To maximize producer surplus, the platform first learns valuations below p arbitrarily
precisely and then reveals the learned intervals. Sellers charge close to the valuation below p,
while higher valuations remain pooled and pay p. Since learning below p takes finite time for
any given precision, this yields (E[v] — CS(p), CS(p)) in the limit.

To maximize consumer surplus, the platform first learns valuations below p and then uses
the learned distribution to induce efficient trade while leaving sellers their static monopoly
profit. The design extends the uniform-profit segmentation of Bergemann et al. (2015) and
yields (PS(p), E[v] — PS(p)). Public randomization over these three designs attains every
point in the triangle. Region A in Figure 4 thus identifies the surplus outcomes lost when
the platform must learn valuations from short-lived consumers’ purchases.

With long-lived consumers, neither side’s static monopoly surplus remains a lower bound.

Only nonnegativity and the total-surplus bound remain, defining the triangle in part (ii).
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This is region A + B 4 C' in Figure 4.

To see why, consider first the no-disclosure policy of Proposition 4 in Appendix C.2. There
is a stationary equilibrium in which sellers charge a constant price over time. Consumers can
reject a higher offer and wait for the equilibrium price from the next seller. As consumers
become patient, this option makes price increases less profitable, and the lowest possible
equilibrium price converges to zero, yielding (0, E[v]).

Second, the platform can use the information design constructed in Theorem 2 to e-learn
v*. For any fixed ¢ and sufficiently high 4, there is a finite date 7.(9) after which every seller
earns at least v* — e. Although this date may increase as 0 1 1, the proof of Theorem 3(ii) in
Appendix C.2 shows that it grows at most logarithmically in 1/(1 — ) for each fixed precision.
The learning phase is therefore short enough that its discounted cost vanishes. Letting ¢
decrease sufficiently slowly as § 1 1 yields (E[v],0).

Finally, the platform can make both surpluses vanish by sustaining a constant price that
approaches one. It conceals histories along the equilibrium path. Following rejection of a
lower offer, it sometimes switches to full disclosure, with a probability that depends on the
rejected offer. The prospect of low future prices makes consumers excluded by the prescribed
price unwilling to accept moderate discounts, while larger discounts leave sellers too little
profit. Sellers therefore prefer the prescribed price. As consumers become patient, almost
all valuations are excluded from trade, and both surpluses converge to zero. The formal
construction is given in Proposition 5 in Appendix C.2.

Public randomization over these three designs can yield, in expectation, any outcome
in the triangle characterized in part (ii). With long-lived consumers, information design
thus recovers region A and expands the attainable set beyond the static informed-platform
benchmark to include region C. By shaping the option to wait, the platform can attain any
division of efficient surplus, as well as any lower total surplus and its division between the

two sides.'®

16\ akris and Renou (2023, Section 5.3, Proposition 1) obtain a related surplus characterization with a
fully informed mediator using multistage information design. In their bilateral-trade model, the buyer is
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6. Concluding remarks

We show how a platform’s disclosure choices determine what it can learn from consumers’
purchases. With short-lived consumers, learning is limited by sellers’ pricing incentives.
With long-lived consumers, disclosure also shapes the value of waiting and permits learning
throughout the valuation range. These differences determine the surplus divisions the platform

can attain. We now position our paper in the literature.

6.1. Dynamic Persuasion

Dynamic persuasion studies how a designer discloses information about an unknown state w to
influence agents’ actions over time. The designer starts from a prior, observes actions a, and
receives signals whose distribution p(- | a,w) may depend on those actions. An information
design specifies, after each history, recommendations that Bayesian agents are willing to
follow.

Most of the dynamic persuasion literature focuses on two scenarios. In the first one, the
designer receives a fully informative signal about the state at the outset. In the second scenario,
signals arrive over time but do not depend on the agent’s actions, i.e., p(- | a,w) = p(- | w).
Examples include Ely (2017), Arieli et al. (2024), and Renault et al. (2017), who study myopic
agents, as well as Ball (2023), Ely and Szydlowski (2020), Koh and Sanguanmoo (2022),
Orlov et al. (2020), Smolin (2021), and Zhao et al. (2024), who study long-lived agents.'”

In our model, the designer is a platform that learns about demand by influencing sellers’
prices. Its disclosures induce prices that make consumers’ purchase decisions more informative,

allowing the platform to learn more and shape later prices more effectively. Several papers

also study the interaction between disclosure and information generation. Che and Horner

initially uninformed about his valuation; the mediator can inform the seller before the offer and the buyer
after observing it. Their surplus triangle approaches the one above as the lowest possible valuation tends to
ZETO.

1"Relatedly, Renou and Venel (2025) compare information structures in discounted decision problems,
including problems in which actions affect future information.
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(2018), Immorlica et al. (2020) and Kremer et al. (2014) study how recommendations induce
a sequence of myopic agents to experiment. Koh and Li (2025) study how disclosure promotes
social learning across actions when agents have heterogeneous preferences, while Knoepfle
and Salmi (2024) study how the timing of evidence disclosure affects forward-looking agents’
adoption decisions. Our paper focuses on the limits to learning consumers’ valuations when a
platform influences prices through information disclosure.'® Despite the different applications
and methods of analysis, these papers all examine how disclosure affects the generation of

new information. We expect future research to further explore these feedback loops between

persuasion and data collection.

6.2. Price Discrimination and Endogenous Information

Closer to applications, our work is inspired by research on how the information available
before trade can be used to shape market outcomes (see, among others, Bergemann et al.,
2015, Roesler and Szentes, 2017, Armstrong and Zhou, 2022, Elliott et al., 2026, Ichihashi
and Smolin, 2025, Yang, 2022).'Y We endogenize the intermediary’s information acquisition
and characterize how its interaction with disclosure shapes attainable consumer and producer
surplus.

Other papers examine consumers’ strategic incentives when their behavior or disclosures
reveal information to sellers or platforms, as well as the design of institutions that govern its
collection and aggregation (see, among others, Conitzer et al., 2012, Bonatti and Cisternas,
2020, Ichihashi, 2023, Bergemann et al., 2022, Doval and Skreta, 2026). We complement this
literature by characterizing how much a platform can learn from purchase decisions when it

controls the information disclosed to sellers, and how consumers’ option to wait changes both

18See Fudenberg and Villas-Boas (2006) for a survey of behavior-based price discrimination and customer
recognition. For direct price experimentation by a monopolist facing demand uncertainty, see Rothschild
(1974).

19A separate branch of the literature on consumer privacy examines additional welfare implications
of platforms’ capacity to record users’ online activity—implications that go beyond price discrimination.
Examples include Acemoglu et al. (2025) and Fainmesser et al. (2023); see Goldfarb and Que (2023) for a
survey.
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learning and attainable surplus.

In this literature, Ali et al. (2023) study whether consumers benefit from disclosing
verifiable information about their valuations when sellers can price discriminate. They
show the existence of an equilibrium that replicates our full-disclosure outcome with one
characteristic and short-lived consumers (see the discussion in Section 3.3). Both their
construction and ours use intervals of valuations within which the seller prefers to serve every
consumer.?’ In their model, this prompts consumers in each interval to disclose truthfully,

while disclosing lower valuations is discouraged by appropriate off-equilibrium beliefs.
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Appendix

A. Short-lived consumers

A.1. Proof of Theorem 1
Proof of part (i) of Theorem 1

We start with a preliminary observation, stated in Lemma 1, that we use to prove part (i).
Under affiliation, raising the lower and upper endpoints of the conditioning valuation intervals
weakly increases the optimal price for every characteristic. Let (I’ I.) be two intervals in
0,1). We write I = I, if sup I/ > sup I, and inf I/ > inf [,.

Lemma 1. If I, > I; for all ¢ € C, then for all ¢ € C,
p. = argmax pLPs(v. > pe | vz € IL,V¢) > p. := arg max pPs(ve > pe | vz € Iz, V).
Pc Pc
Recall that the arg max are unique as a consequence of the log-concavity of f.

Proof. Set a :=inf I., b:=supl., a’ :=inf I, and b’ := sup I.. Since I, = I., we have a’ > a
and 0" > b. The optimal prices lie in [a,b) and [a’, V'), respectively. Thus, if @’ > b, the result
is immediate. Suppose a’ < b.

Step 1: Affiliation orders the conditional densities. Let I_. := [[z,. Iz and define I"

analogously. Define the unnormalized conditional densities

f(ve, I_.) ::/ f(ve,v_¢) dv_e, floe, I",) == /I/ f(ve,v_¢) dv_e.

—c —c

Note that the map (vg, Iz) — 1. (vz) is log-supermodular with respect to the orders (>, >).
Since f is affiliated, closure under products and integration implies that the map (v., [_.) —
f(ve, I-¢) is also log-supermodular (Karlin and Rinott, 1980). Therefore, I” . > I_. implies
that r(v.) := f(ve, I' )/ f(ve, I_.) is increasing in v,.

Step 2: The ratio of demands is increasing in price. For p € [a’,b), the ratio
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of conditional demands equals a positive constant independent of p times R(p) :=

f;/ fve, I",) dvc/ f; f(ve, I_¢) dv.. The sign of R'(p) is the sign of

[ = e Y doe [ o) ) o

which is nonnegative because r is increasing. Hence R is increasing.

Step 3: The optimal price is higher under the intervals (1%)z. Let II(p) and II'(p) denote
the seller’s profits conditional on the original and primed intervals, respectively. For p € [d/,b),
we have I'(p) = K R(p)Il(p), where K > 0 is independent of p.

Suppose, toward a contradiction, that p/, < p.. Both prices lie in [a,b), and uniqueness of

the optimum under the original intervals gives II(p.) > II(p.) > 0. Since R is increasing,

Wpe) _ Blpe) Wlpe) _

I'(p,)  R(p.)IL(p.)

contradicting the optimality of p/. Therefore, p. > p..

We now prove part (i). For every history h'~! let
I(R7Y) = [sup{ps cag =1, cs=c},inf{ps:a,=0, ¢ = c}) N 1[0,1]

be the interval of valuations v, consistent with A'~!, with the conventions that the supremum
of the empty set is —oo and the infimum of the empty set is +oo.
We first establish a property of the upper orthant [p>,1]°. For every characteristic c,
define
I12°(p) := pP(ve > plve > p™ for every ¢ € C).

By (2) and (4), continuity of conditional demand and the maximum theorem imply that

(e.o]

= arg max,s,« 1I;°(p) for every ¢ € C. Conditional on the upper orthant, demand equals

b

one at every p < p>. Hence, p™ also maximizes I12° over all p € [0, 1].
We now prove by induction that no seller posts a price above p>. Suppose that all prices
posted before period t are weakly below p>. This holds when ¢ = 1 because no prices

have yet been posted. It follows that, for every history h*~! and every characteristic ¢,
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[p>, 1] = IC’(htil)-
For almost every message m; under the induced message distribution, Bayesian conditioning

gives the following representation of the seller’s expected profit from posting p

IL(p | my) = Z/Ht_lpPM (vc > p‘ht_l,ct =c, mt) dIP’M(ht_l,ct = c‘mt) . (7)
ceC

For every pair (c,h'™!) in the support of the conditional distribution in (7), Bayesian

consistency gives

Pa(ve>p | e = e;my) = Py(ve > p

vy € Iu(h'™1) for every c’) :

Lemma 1 and [p>=, 1] = I, (hi™1) for every ¢’ therefore imply that

(e}

arg max plP (vc > ‘ Rt e =c, mt) <argmaxIIZ(p) =p
P p

Log-concavity implies that each component profit p — pPuy(v. > p|h'™ 1 ¢ = ¢,my) in
(7) is single-peaked and has a unique maximizer. Since that maximizer is weakly below
p>°, each component is nonincreasing above p> and strictly decreasing wherever its demand
is positive. Consequently, for every p > p> such that II;(p | m;) > 0, it holds that
I(p [ mye) < Te(p™ | my).

If instead II;(p | m;) = 0, then p cannot be optimal because the seller can obtain strictly
positive profit at some lower price. Thus, no price strictly above p> can be optimal. The
argument applies to every message m; with positive probability and completes the induction.

It follows that consumers are never offered a price above p™. Fix ¢ € C and two valuation
profiles v*, v* € V¢ such that v}, = 0}, for every ¢ # ¢, v*, 9% € [p>,1], and v* # 0. Under
both valuation profiles, consumers with characteristic ¢ accept every price, while consumers
with every other characteristic make the same purchase decision because their valuations are

unchanged. The two profiles therefore induce the same distribution over histories under every

information design.
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Proof of Part (ii) of Theorem 1

We provide a roadmap of the proof.

1.

We introduce some notation and establish two preliminary lemmas, Lemmas 2 and 3,

that are used in the subsequent constructions.

. We consider a single characteristic ¢ and construct an information design M? that guar-

antees e-learning of all valuations in [0, p}) in finite time, where p! is the initial monopoly

price defined in (2) of the main text. This result is summarized in Proposition 2.

. We consider multiple characteristics and construct an information design M7%. that

extends the learning result from one characteristic to multiple characteristics. This

result is summarized in Proposition 3.

. We construct a grand mechanism that uses these two information designs over finitely

many blocks, following the increasing threshold sequence (p*) defined in (2)—(3) of the

main text, and repeats this sequence of blocks.

. We show that the grand mechanism achieves the learning claimed in part (ii) of

Theorem 1.

1. Notation and Preliminary Results Throughout, we write Py for the probability

over the Borel sets of [0,1]¢ induced by f, and P for the probability over histories induced

by the mechanism and the strategies of the short-lived sellers and consumers. We write I for

a product of non-empty intervals [Joee I and let Fy := F(-|v € I). Fix c € C and let Fj .

and f7. denote, respectively, the marginal distribution and density of v, under F;. When

I =1[0,1], we have F; = F.

To start with, observe that the unnormalized density

Vo — /H fve,v_¢)dv_,

el

is log-concave by the Prékopa-Leindler inequality. It follows that its restriction to I, and fr.

are also log-concave.
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We let D; .(p) be the demand at p: D;.(p) =0 for p > sup I., D;.(p) =1 for p <inf [,

and, for p € I,

_ Fy.(supl.) — F;.(p)
FLC(SUP Ic) - FI,c(inf [C) .

Dl,c(p)

Notice that arg max,co 1 pDr.c(p) is single-valued (because of log-concavity of fr.).

Set p} . = 1 and define inductively for all k& > 1:

p];,c = arg maXpDIﬁ[O,pkfl],c(p% (8>
p€[0,1] he

where we slightly abuse notation and write I N |0, p’};] for the product of intervals [T .. I X
(I.N10, p’};l]) Once p?c = inf I.., keep the sequence constant. Again, log-concavity implies
that the maximizers are unique. Clearly, (p’}yc)k is a decreasing sequence of elements in
[inf I, sup I..], hence admits a limit. We establish two lemmas concerning the conditional
marginal distribution F7 .. Lemma 2 is used in the proof of Proposition 2. Lemma 3 is used
both in that proof and in the construction of the grand mechanism.

Lemma 2. The limit limy_,o pf ., = inf I.

Proof of Lemma 2. By contradiction, suppose that limy_,., p’fvc = ¢ > inf I.. Choose p €

(inf I, ¢). From the optimality of pf ., we have

pl;,cDIﬁ[O,pljll],c(pllc,c) > pDIﬂ[O,plle] c(p)7

)

for all k. Taking limits on both sides, we have that 0 > pDjqo,.c(p). Since p and f are
strictly positive, pDjn,g,.(p) > 0, hence a contradiction. O

Lemma 3. For each k such that pf, > infl. and p € [plfgl,pl}ic], there exists u €

By, (Ln[0.pk ) .
o
Br, (025 D) +By,  (Lnlph .7y )

such that

{p} = arg maxp {MDm[ovp’;,C},c(p) + (= 1) Dyt o) -
oty o

Proof of Lemma 3. Observe that it is never optimal to price above p’}jc since p’ic is the

optimal price when facing the demand Dm[o and, therefore, when facing the de-

k—1
Pl le
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mand Dm[p’; Ph e Thus, we can restrict attention to prices p € [O,p’ic]. At these prices,
Dm[p,ic,p;jzl]ﬁ(p) = 1. For inf I, < p < pf ., the derivative is:
1
1 — ————[Fre(p) + pfrc(p)]
FLC(p’]g,c)
s e pf1.e(p)
S + 0= (1= 20 ).
FI,C(pI;,c) FI,C(pIIC,c) [ 1 - FLC(p)
Its left-hand limit at p’fvc is equal to 1 — uFLc(pl};l)/F[,c(p’zc) since F],C(pl}’zl) - FI,c(p];,c) -

FI,c(pIIC,C)

Pk f1e(p%,) = 0 — the first-order condition for the optimality of p¥ .. Thus, at u = TRTAUL
) ) 5 T,c I

its value is zero and it is strictly negative for larger values of pu.

ForintI, <p < p]fc < Ples
_ Pfrelp)
1- FI,c<p)

By log-concavity of fr., the derivative is strictly decreasing on (inf I, pf ). Below inf I,

1 > 0.

profit equals p. Thus, there is a unique maximizer for each u, possibly at the lower endpoint

inf /.. From Berge’s maximum theorem, the maximizer is continuous in pu, taking value pl}:,tl
. - _ Froh,)
(reSp-7 pI,C) at p = 1 (resp., K= F],c(plzg,zl)). -

2. Single Characteristic and Design M. We now consider an environment with a
single characteristic ¢ and valuation distribution Fj.. We construct an information design
M that learns valuations below the initial monopoly price p}7c with arbitrary precision in
finite time. The design M induces sellers to offer a finite grid of prices p; < -+ < py < p}p.
Recall that (pf )k, defined in (8), is the decreasing sequence of monopoly prices following
successive rejections. To induce prices in [p’}le,p’}yc], the platform mixes the posteriors

following acceptance and rejection of p?c, conditional on rejection of p’}ll. The higher the

probability assigned to acceptance, the closer the induced price is to p’ic.

Proposition 2. Assume there is a single characteristic ¢, \. = 1, whose valuation has
distribution Fr .. There exists a mechanism M such that the platform e-learns all valuations

in [inf I, py ) in at most t} < oo periods.
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Proof. The proof is constructive. Fix ¢ > 0. Lemma 2 guarantees that there exists a positive
integer K such that

pfc —infl. <e.

If K = 1, rejection of the initial offer p; . locates the valuation in [inf I, p; ), whose length is
smaller than €. Thus, the initial offer suffices to establish the result. We therefore consider

K > 2. Foreach k=1,..., K — 1, choose a finite grid

k+1 _ ~ ~ ~ K
Pre = Pko <DPki <+ <DPgN, =PI

with mesh smaller than . From Lemma 3, for each (k,n), there exists p., € (0, 1] such that

Dk,n is the unique maximizer of

p lukﬂ%DIﬂ[O,p?C],c(p) + (1 - Mkyn)DIOka’c,pﬁgl]’c(p) :

I

DESCRIPTION OF DESIGN M. As a convention, we set 19 = 0.
INITIALIZATION. At period ¢t = 1, M; = {&,mg,m,} and M, (0)[m,] = 1.

BLOCK 1: LEARNING IN [p7.,p;.]. The block lasts Ny periods. At period t = 2,
]/\Z2 - {Qumfumr}- We set M2((mfup},c7 R))[mg] = 17 MQ((mfap},c?A)>[mZ] = ¢17N1_17
Ma((my, pi e, A))[m,] =1 — ¢1,n,-1, and, at all other histories h', My(h')[@] = 1, where

(1 — pa,ny—1)P((my, pi o, R))
p1,n,—1P((me, p1 o A))

O1N -1 =

This is well-defined since

Ny > P((mye, pi ., R)) i Py, (I.N[0,p},])
T P((me, pre R)) + P((mg, pr e, A) Py (LN [0, pr1 ) + Py, (L0 [pr s 1)

by Lemma 3. Thus, conditional on the message my, the seller assigns probability j n,—;1 to

the history (e, p; ., R) and prices at by n, 1.
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For periods 2 < t < Nj + 1, the set of messages is M, = {2, mg,m,}, and
1 htiil = (mgap},m R) & my = my,
O1,Ny +1-t htfl = (mé,p},m A) & my = my,

1 - ¢1,N1+1—t h’liil - (m67p}707 A) & my = m'I’J

1 htl_l §é {(mﬁap},m A)a (méap},m R)} & my = <,
where h!™! is the first coordinate of A*~! and ®1,N,+1—¢ 1s defined as above.

BLOCK k € {2,..., K — 1}: LEARNING IN [pjt',pf ]. The block lasts N, periods, from

t = Zz,_:ll Ny +2tot= Z’,i,zl Ny + 1. The construction is nearly identical to the one for
Block 1. We partition histories into three subsets. Membership is determined by the history
up to the end of Block k — 1 and is unaffected by messages and purchase decisions within
Block k. The first subset HY includes all histories where the message m, was always sent
through the end of Block k& — 1, the prices offered up to the last period of Block k — 1 were
p’}’c < oo < P < -o- < PN, = Pr. and none were accepted. The second subset HY
includes all histories where the message m, was always sent through the end of Block k—1, the
prices offered up to the last period of Block k — 1 were p’ic < L Dty <o <DL, = p},c,
the offer p?j was rejected, the offer p’{c was accepted, and there is no pair of prices such that
the higher price was accepted and the lower price rejected — these histories are consistent.

The third subset includes all other histories.

For each grid index n, define

_ 1— prn Fl,c(P]f,c)
Hin FI,c(plizl) - FLC(pI;,c)

By Lemma 3, ¢, € [0,1]. These probabilities are calibrated using the two classes at the

¢k,n

beginning of the block.

At period t of Block k, let n, = Y.,_, Njs +1 — ¢ denote the current grid index. At
histories in Hk, the message my is sent with probability 1. At histories in HY, the message

my is sent with probability ¢y ,, and the message m, with the complementary probability.
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At all other histories, the dummy message & is sent with probability one. This completes the

description of the mechanism.

LEARNING IMPLICATION OF DESIGN M. By construction, conditional on m, at period ¢,
a seller assigns probability ji,, to valuations being in I, N [0, p} | and the complementary
probability to I. N [p’}ic, p]},zl]. Therefore, conditional on message my, the seller posts the
price Pin,. Suppose then that v} € [Py, Pirnv) for two consecutive prices in the grid. The
first consumer rejects the offer p}yc, thus inducing the message m, and the price Dy n,—1,
with probability one. Each subsequent offer above v} is rejected, and the next price in the
prescribed grid is then offered with probability one. After the last rejected price pys,, the
price Py, is offered and accepted. The platform has thus learned that v} is in [Pk, Prr ),
an interval of length smaller than €. The history (mg,p}’c, R, ..., my, Din, A) has probability
one, conditional on v. € [Pgn,Pr ). If instead v € [inf [, pfc), all offers up to and
including pﬁ are rejected. At that point, the platform knows that v¥ € [inf [c,pﬁ), an
interval of length smaller than €. Including the initial offer, the construction takes at most

t* =1+ X8 N < oo periods, where the sum is empty when K = 1. ]

3. Multiple Characteristics and Design M77... We now construct an information
design M. that e-learns valuations v} € [inf I, p; ..) for every characteristic ¢, where ¢* €
arg maXqcc p}7c, (Proposition 3). The main idea is to induce sellers, upon receiving a particular
message, to assign arbitrarily high probability to facing a consumer with characteristic c¢*,
regardless of the actual characteristic. Sellers therefore price nearly as if they were facing
such consumers. Learning is asymptotic.

The design repeats two phases. In Phase I, the platform reveals the current consumer’s
characteristic and runs M separately for each characteristic, using only the history of
consumers with that characteristic. In Phase II, the platform uses the interval identified for
c* on the event that all Phase I consumers have that characteristic. By occasionally sending
these reports when the current consumer has another characteristic, the platform induces

prices that extend learning for the other characteristics to valuations below p},c*.
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To run the separate mechanisms in Phase I, sellers must know how many times the
mechanism for the current characteristic has already been run. Since consumers’ arrival
times are random, calendar time alone does not provide this information. We therefore
index messages by the local period s, writing ]\/ZS = {Ds, mys, My }. If t. consumers with
characteristic ¢ have arrived before calendar period ¢, the message for a new consumer with
that characteristic belongs to M\tcﬂ- We denote by I'yx the game induced by M7, and by

H S its set of histories after s periods.

Proposition 3. For any distribution Fy, choose ¢* € arg max .c¢ p}7c. Assume that inf I <

*
*
,C

pre for all c € C. There exists a design M}, such that the platform e-learns valuations in

linf 1., p o) for all c € C.
Proof. The proof is constructive.

DESCRIPTION OF DESIGN M7"... We repeat the following design infinitely often, using

independent randomization across repetitions. Each repetition consists of two distinct phases.

PHASE I. Fix ¢ > 0. Phase I lasts ¢* calendar periods. For each ¢, let ¢} be the bound from
Proposition 2 on the number of arrivals required to £/5-learn all valuations in [inf I, p; .) with
the mechanism M and set t* = max.t*. In the notation of Proposition 2, t* = 1+ XK Ny,
where K and Nj, are chosen for characteristic ¢ and accuracy /5, with the sum understood

to be zero when K = 1. At each period ¢ of Phase I, the set of messages M; = C X U<, ]\75.

We define i« H™ = U™ B2 by o (0o, (s 1), s 00)'25) = (i Das €0) oo
With the history h'™!, we associate the (possibly empty) history ?Li of T'yqx, where the
first coordinate of ﬁi corresponds to the first occurrence of (¢, (¢, my), ps, as), the second
coordinate to the second occurrence, etc. For all histories h'~! during Phase I with ¢, <
t*, My(R'71 ) (e,m) = ME(p -t (REY)[m]. 2t If ¢, > t*, the design sends (¢, @, 1) with

probability one. That is, the mechanism treats each characteristic independently, reveals the

21We slightly abuse notation in that MZ(pL=1(h!=1))[m)] is defined only for m € ]\//.thﬂ, where t. <t—11s
the number of times a consumer with characteristic ¢ entered the market by time ¢ — 1 at history hf~'. We
extend it to all other messages by assigning a zero probability to them.
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characteristics of newly entered consumers to the current sellers, and runs M7, when the

characteristic is c.

PHASE II. Let Hé: be the subset of histories at the end of Phase I such that ¢, = ¢, = ¢*
for all s = 1,...,t*. The probability of this subset is A, > 0. Write Z.- for the set of intervals
{I-(hL.) : ht. € supp P(-|HL)}. These intervals form a finite partition of the original support
I.. They consist of the intervals between consecutive prices in the ¢* construction, together
with the bottom interval I.- N [0, pf',.), when nonempty, and the top interval I.- N [p; ., 1].
Conditional on HY, the identified interval is the unique member of this partition containing
vi. Subsequent Phase I offers, including those after completion of the local procedure, do not
refine it. Let v be an arbitrary distribution fully supported on Z.-. For a reported interval

J € I, write I N J for the rectangle obtained from I by restricting its ¢* coordinate to .J.

Throughout Phase II, let
M= (Cx (Z.U{[0. 1)) U{e}, t+1<t< (CH+1)r

Let hl. € HY be a history at the end of Phase I. At the first period of Phase II, ¢ = t* + 1,
the history is simply h'~! = hL.. At any subsequent period ¢t < (C'+ 1)t*, consider any history
extending h'., that is, h'~! = (hg, (cs,ms,ps,as)i;%“rl). At each of these histories, the
platform uses the same rule: (i) M (h'™!, ¢)[c*, J] = gv(J), (ii) My (h'™1 ¢)[c,[0,1]] =1 — ¢,
and (iii) My(h'™1, ¢*)[c*, I« (ht.)] = 1. Rules (i)—(ii) apply to ¢ # ¢*, with rule (i) applying
to every J € Z... Rule (iii) applies when the current consumer has characteristic ¢*; the

platform reports the interval identified at the end of Phase I.

At all histories that do not extend a history in H"

c*

the platform sends @ with probability

one. Phase II lasts C't* periods. This completes the description of the design.

IMPLICATION OF THE DESIGN M7%...
Write P ¢ for probability under F;. Conditional on Hﬁ: , a consumer with characteristic
¢* generates the message (c¢*,J) exactly when v € J. A consumer with characteristic

¢ # ¢* generates the same message with probability ¢v(J), independently of valuations. The

45



event H. depends only on Phase I arrivals, so its probability AL, cancels from Bayes’ rule.
Consequently, upon observing (c¢*, J), the seller chooses p to maximize

P )‘C*Pl,f<vc* S J)DIQJ,C* (p) + ¢V(<]) Z )\ch,c(p)
c#c*

To obtain demand conditional on this message, we divide the expression in brackets by Z =
AP f(Ver € J)+0v(J) Xpser Ac, the probability of receiving the message conditional on HE.
Since Z does not depend on p, this division leaves the optimal price unchanged. Conditional
demand is therefore a mixture of D+ and demand from the other characteristics, with
weight A\«Pr (v € J)/Z on the former. This weight approaches one as ¢ — 0. We now
show that, for sufficiently small ¢, the seller prices arbitrarily close to arg max, pDjnj~(p).

We need the following result.

Lemma 4. Consider two continuous demand functions D,D* : [0,1] — [0,1]
such that {p*} = argmaxpep,pD*(p). For o € [0,1], define p(a) =

min arg maxp,c,1 P ((1 —a)D(p) + aD*(p)). Asa— 1, p(a) — p*.

Proof of Lemma /. We have the following:

p (1 = a)D(p) + aD*(p)) — pD*(p)| < (1 = a)D*(p) + (1 — a) D(p) < 2(1 — a),

where we use the fact that prices and demands are in [0, 1]. Thus, the convergence is uniform.
Since p — pD*(p) has the unique maximizer p*, the technical Lemma 5 stated and proved
below implies that p(a) — p*. The same argument shows that every maximizer is close to p*

when « is sufficiently close to one. O]

From now on, K, N, and py, refer to the construction for ¢*. Apart from the bottom and
top intervals, the elements of Z .- are intervals between consecutive prices in that construction.
Consider J = [Dgn, Dkn+1), With 0 < n < Ni. Its conditional monopoly price is unique
by log-concavity and lies in its closure. By Lemma 4, for sufficiently small ¢, the price p;
induced by the message (¢*, J) is within /5 of that monopoly price. Since the interval has

length smaller than /5, it follows that |p; — Dr.n| < 2¢/5.
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For the neighboring interval J' = [Pk i1, Pknte), With n+ 2 < Nj, the same argument

gives |p, — Pr.nt1| < 2¢/5. Consequently,

|ﬁt _pﬂ S ‘ﬁt - ﬁk,n‘ + ‘ﬁk,n - ﬁk,n+1| + |ﬁk,n+l —ﬁt‘ <E.

The same bounds apply to consecutive intervals across block boundaries and to the bottom
interval [inf /., pfc*), when nonempty: its length is smaller than £/5, and its conditional
monopoly price lies in its closure. This includes the case K = 1.

For the top interval of the Phase I partition, the induced price is exactly p}ﬁ* for sufficiently
small ¢. Indeed, below p}vc* the unnormalized profit contributed by characteristic ¢* is linear
with strictly positive slope; the other characteristics’ profit terms have bounded slopes and
are multiplied by ¢. Above p}7c*, every component’s profit is decreasing, since p}7c < p}p*
for all c. The platform can send this top-interval message even when the current consumer
has characteristic ¢ # c¢*. The seller then charges p}ﬂ*, which the consumer rejects whenever
vy < p}vc*. Observing this rejection together with acceptance of a lower price less than ¢
away allows the platform to locate the valuation in an interval of length smaller than €. This
ensures that valuations close to the upper endpoint p}yc* can also be learned.

Note that the choice of ¢ > 0 depends on the message (¢*, J). However, since there are
finitely many intervals in Z.., we can choose a uniform ¢ so that, after sorting the induced
prices and adjoining the initial price p; ., every realized valuation in [p; ., p; ) is bracketed
by prices less than € apart. The initial price p}ﬁ can be observed in Phase I of a different

repetition.

Finally, suppose that v} € [inf I, p; ). By construction of the mechanism M and the
choice of t* > t¥, there is a strictly positive probability that, at the end of Phase I, the
platform’s posterior over v, assigns probability one to [v¥ — €, v} 4 ¢]. Indeed, the event that
all t* consumers arriving during Phase I have characteristic ¢ has probability A\Y > 0.

Suppose that v} € [p7 ., P ), S0 ¢ # ¢*. Recall that inf I.. < p;.. At each period ¢ in

Phase II, conditional on any on-path successor h™! of hf. € H!.| there is a strictly positive
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probability A.¢v(J) > 0 that the newly entered consumer has characteristic ¢ and the message
sent to the seller is (¢*, J). This probability is independent of v for all ¢ € C. Conditional on
the message (c*, J), the seller offers the price p;. For each message, we select the same optimal
price in every period and repetition. Recall that |p; — pr.n| < 2¢/5 when J = [pg.n, P nr) 18
an interval between consecutive construction prices.

Next, if this offer is accepted and ¢t < (C + 1)t*, conditional on the history
(ht=1, (¢, (¢*, J), pr, A)), there is a strictly positive probability A.¢v(J’) > 0 that the newly
entered consumer also has characteristic ¢ and the message sent to the seller is (¢*,J').
Conditional on this message, the seller offers the price p;1;. By the preceding grid
argument, whenever v} lies between two Phase II prices, the messages can be chosen so
that py < vl < pyy1 and Py — Py < €. Thus, with strictly positive probability, the platform
observes a consumer with characteristic ¢ purchasing at p; and another consumer with that
characteristic rejecting the offer pyy1. It therefore learns that v € [Py, Pri1)-

A similar argument applies after the history (h'™!, (¢, (¢*, J), pt, R)), with rejection of the
higher price followed by acceptance of the lower price. If instead the two prices supplied by the
grid argument are p},c and a Phase II price p;.1, acceptance of p}yc is observed when the first
Phase I consumer has characteristic ¢, an event of probability A\, > 0. Rejection of p;,; can
be observed in another repetition. Together, these observations reveal that v} € [p},c, Dis1),
an interval of length smaller than .

Finally, the set of histories H!. has strictly positive probability AL: all we need is for
consumers with characteristic ¢* to arrive in all ¢* periods of Phase I. There are at least two
periods in Phase II when ¢ # ¢*. Therefore, each pair of Phase II offers described above can be
observed with strictly positive probability in a repetition. When an observation from Phase I
is also required, it likewise occurs with strictly positive probability. Conditional on any fixed
realized valuation profile, repetitions are independent and these probabilities are the same in
every repetition. The second Borel-Cantelli lemma therefore implies that all the required

observations eventually occur almost surely. Since the platform retains these observations
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and there are finitely many characteristics, it e-learns every v} € [inf I, py . ). ]

We conclude with Lemma 5, which is a technical lemma that we used to prove Lemma 4
above.
Lemma 5. Let (¢,), be a sequence of real-valued functions ¢, : [0,1] — R, each attaining its
maximum. Suppose that it converges uniformly to a continuous function ¢ having a unique
mazimizer x*. For every € > 0, there exists n* such that, for every n > n*, all mazximizers of

©n lie within € of x*.

Proof of Lemma 5. Fixe > 0. If [0,1]\ (z* — ¢, 2" +¢) is empty, the conclusion is immediate;
hence suppose this set is nonempty. Let § 1= @(2*) — SUDP,e(0.1)\ (2*—,0r4e) P(¥) > 0, where
the strict inequality follows from continuity of ¢, compactness of the set over which the
supremum is taken, and uniqueness of the maximizer. Choose n* such that ||¢, — ¢|le < 0/3

for every n > n*. For all n > n*, for all 2 € [0,1] \ (z* — ¢,2* + ¢), we have

J o 20 o 0 .
Pn(?) < @(@) + 5 < pa”) = 5 < o(@) = 5 < palah),
hence no maximizer lies in [0, 1] \ (z* — ¢, 2" + ¢). O

4. The Grand Mechanism

We now construct a grand mechanism that repeats a finite sequence of blocks, following
the increasing threshold sequence (p*) defined in (2)—(3) of the main text. In Block k, the
platform sends messages that induce sellers to price approximately as if all valuations lay in
[p"=1,1]¢, regardless of the realized history. Each block follows the two phases described in
Proposition 3. This gives a positive probability of extending learning to valuations below
a threshold close to p*. We choose enough blocks to bring the final threshold close to p™.
Repeating the sequence ensures that the purchase and rejection observations needed for
learning eventually occur almost surely.

Choose k* < oo such that p*" =1 < p¥" < p* and p*" > p™ — ¢/5. Here, p* and p* are

defined in (3) and (4), respectively. We write ¢* for an element of arg max.cc p¥. If there

49



are several maximizers, choose among them the characteristic with the highest actual initial

price in Block k, defined below.

Let Z denote the set of rectangles in [0, 1], i.e., products of intervals. We say that the
history h' is consistent if sup{ps : as =1, ¢; = ¢} < inf{p, : a;, =0, ¢, = ¢} for all ¢, that is,
if the largest price accepted by a consumer with characteristic ¢ is smaller than the smallest
price rejected. For a history to be inconsistent, we need a consumer to buy at a price above
their valuation or to reject a price no greater than their valuation. With a consistent history

ht = (cs, ms, s, as) 5=}, we associate the rectangle I(h') given by

H([sup{ps ras =1, ¢s =c},inf{ps:a;, =0, ¢s =c}) N0, 1]),

cec
with the convention that I()) = [0, 1]¢.
DESCRIPTION OF THE GRAND DESIGN. The information design repeats the sequence of
k* blocks defined below, using independent randomization across repetitions. We describe
one repetition, with time, histories, and arrival counts measured from its beginning. In what
follows, the prices p* € (0,1) are taken as given. We define them later on, along with all the

relevant parameters.

Write M . for the single-characteristic construction of Proposition 2 under F7 ., and (1)
for its local time bound at the accuracy used in the block. Set p® = 0. For Block k, let
T = maxeec t5(IF71) and Ly = (C + 1)1, where the rectangles I*~! are defined below.

BrLock 1. Let I° = [0,1]°. Block 1 starts at T; = 1 and runs M5 . for Ly periods.

BLOCK k =2,....k*. Let I*"' = [pF~ 1]°. Block k starts at period Ty = 1+ ¥'{ L;. Let

HT=1 .= {pTe=1 ¢ HTo=1 . [(hT1) = [¥=1} In Block k, the platform sends a message that
makes sellers assign arbitrarily high probability to H Ti=1 regardless of the actual consistent
history. The message provides no further information about play in earlier blocks. Following
this message, we run M’[‘Z_lyck for L periods. Thus, Block k has two distinct phases. Phase

I lasts 73 periods and Phase II lasts C'1 periods.
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More formally, in Phase I, the set of messages is M; = Z x C X Ut Tt B M. Define
pht Ht1—>UStT’“Hjby

/)]; i 1<th717 (687 (fm 657 7/77/\3),]?3, as)i;lT,) = (msapm a’S)se{Tk,...,t—l}:cs:a:w
N—————

ms

with the convention that p&Ts=1(RTe=1) = (). Let #; . denote the length of p=1(h!~1)  the
number of retained observations of characteristic ¢ in the current block. The next local
message belongs to Mtk’cﬂ; the local mechanism assigns zero probability to other messages.

At t = T}, for all consistent histories /=1, for all ¢, we let

MR IR, e;m] = (1= @) Mo (o™ (7)) [,
Mt(htilvc)[[kilvam] ¢MI’€ 1 ( e 1(ht 1))[ ]7

for all (I,c,m).?* For all inconsistent histories h'~!, M;(h'™!, ¢) assigns probability one to
([0, 1%, ¢, @tk,cﬂ) In words, Phase I treats each characteristic separately and runs M7,
on each of them, independently. The only difference from one block to the next is that sellers
assign different “prior” probabilities to the valuations.

The rectangle included in the message is chosen only at the beginning of the block and
remains the same throughout both phases. Conditional on this rectangle, follow Propositions 2
and 3, using the actual prices to define the histories and intervals, and the probabilities of
these histories to calculate the probabilities of sending each message. The probability used to
pool characteristics in Proposition 3 is separate from ¢ and is chosen after fixing ¢ and the

Phase I construction.

The same reporting device is used in Phase II. Sellers again assign arbitrarily high
probability to H Te=1 regardless of the actual consistent history. The platform then uses the

Phase I histories to induce learning in [pF, p¥).

22Notice that, by construction, for all consistent successors of histories in H Ti=1  the sellers observe the
message I*~1 with probability one.
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5. The Design Guarantees c-learning

We choose the parameters of the grand mechanism and then derive the implication for
learning.

CHOOSING THE PARAMETERS. Under the conditional prior Fjr-1, Propositions 2 and 3
provide a design that e-learns all valuations in [inf I*~! max, p}k_kc/) for each characteristic
c. In particular, if ¥~ = [pF=1 1]¢, this gives learning on [pF~1, p*).

In the actual design, sellers are only nearly convinced that valuations lie in 78~ = [pF=1 1],
Write p* for the initial price induced in Phase I for characteristic ¢, conditional on the report
I*=1 and set p* := ﬁ’;k and I* = [p*,1]¢. The parameter choice must therefore control two
approximations. The first approximation is of the benchmark threshold p* by the induced

initial price p*. Lemma 6 shows how to control this approximation.

Let p° = 0 and define inductively for k& > 1:
p*(au, ..., o) = min argprél[%a{}p Ak Dipr-1(ay,. . ar_1)1¢,05(P) + (1 — ozk)ﬁk(p) ,

with oy € [0,1] and Dy, : [0,1] — [0,1] a continuous demand function. The posterior-mixture
demands used below are continuous, since the history-conditioned valuation distributions are

atomless.
Lemma 6. For all k > 1, p*(ay,...,a) — p* as ay — 1 for all £ < k.

Proof of Lemma 6. The proof is by induction on k. For k& = 1, since prices and demands lie

in [0,1], we have, for every p € [0,1],

’p (alD[OJ]qg (p) + (1 — al)ﬁl(p)) — pDjy1jc 1 (p)‘ <1l-—a.

Thus, the profit functions converge uniformly to pDy jc .1 (p), whose unique maximizer is pt.
Lemma 5 therefore gives p'(a;) — p'.

For k£ > 2, the induction hypothesis and uniform continuity of F imply that
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Dipr-1(ay,...an_1)1)0,c+ converges uniformly to Dpp-1 )0 ox, since the limiting conditioning

rectangle has positive probability. Moreover, for every p € [0, 1],

’p (akD[pk1(a1,...,ak1),1]c,ck (p) +(1— Oék)ﬁk(P)> — PDppe1 yjo ek (p)‘
<1—oa+ ’D[pk—l(alw.7ak71)’1]c’ck (p) — D[pk—1,1]c7ck (p)‘ .

The right-hand side converges uniformly to zero as ay — 1 for all £ < k. Since the limiting
profit function has the unique maximizer p*, Lemma 5 gives p(ay, ..., ax) — p¥, completing

the induction. ]

Lemma 6 controls the first approximation. If p*~! is sufficiently close to pF~!, we can
choose the parameters so that the induced initial price p* is arbitrarily close to p*. Here
pF = p[lpk,1 1)C ok 18 the monopoly price for characteristic c¢* conditional on all valuations lying

in [p*~*,1]°.

The second approximation is of the price grids constructed under Fjx-1 by the prices
induced under sellers’ actual beliefs. The following arguments show how to control this
approximation so that the gaps between consecutive induced prices remain small enough to

Ak—1 1]0

ensure e-learning. Fix a block k < k* and its rectangle I*~! = [p . By our choice of k¥,

when p*~! is sufficiently close to p*~!

, we have ppy 4 > p*~". Thus, this monopoly price is
interior and satisfies the first-order condition.

For each characteristic ¢, use the decreasing price sequence (p?k,ljc)j defined in (8). As in
Proposition 2, index its steps by 5 > 1 and the grid prices by n, suppressing dependence on
¢ in the grid prices and mixing parameters. At each step with pjl'k,%C > inf [¥71, Lemma 3
provides parameters p¥, € (0, 1] that induce a grid of prices p}, in [p?j,ll’c, p]I‘k,Lc] with mesh
e/15.

Choose the probabilities block by block, keeping earlier blocks fixed. Suppose that

P(HT+~1) > 0. Each history in H7+~! has the same probability conditional on any valuation
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profile in 7%~!. Conditional on the message specifying /*~! at the beginning of the block, the

distribution of valuations is therefore

(1 — ¢)P(H™ ) Fpr + ¢F
(1-¢)P(HT) +¢

With earlier blocks fixed, the weight on F' converges to zero as ¢ decreases to zero.

Apply Proposition 2 using the actual prices in the history conditions and the probabilities
of these histories to calculate the probabilities of sending each message. These probabilities
remain in [0, 1]: for every offered grid price with u;‘in < 1, the corresponding probability
under Fix-1 is strictly below one, while ujn = 1 requires probability zero. If preceding prices
and probabilities converge to those under Fjx-1, the probabilities of the histories satisfying
these conditions also converge. The demands conditional on these histories consequently
converge uniformly, provided the corresponding histories under Fjx-1 have positive probability.
Lemma 5 then implies convergence of the next optimal price. Induction over the finitely
many offers therefore gives |ﬁfn — pfn| < €/15, so consecutive induced prices are less than
/5 apart. Phase IT uses the intervals defined by these actual prices. After fixing ¢ and the
Phase I construction, choose the probability used to pool characteristics sufficiently small.
The same argument then gives the price approximations used in Proposition 3.

We also verify that the price induced by the top-interval message in Phase II is exactly
p*. For sufficiently small ¢, the seller’s profit for each characteristic under the displayed
distribution is single-peaked. In a neighborhood of an interior monopoly price under Fjx-1,
log-concavity implies that the second derivative of profit is bounded above by a strictly
negative constant almost everywhere. Under F', the second derivative of profit is bounded
in absolute value in this neighborhood. Thus, for sufficiently small ¢, the profit derivative
under the mixture remains strictly decreasing there. Outside this neighborhood, it retains
the sign of the profit derivative under Fjx-1. If the conditional monopoly price is the lower
support endpoint, Lemma 1 implies that the prior monopoly price is no higher, so both profit

functions decrease above that endpoint.
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Choose ¢ small enough that c* has the highest actual initial price, p*. Subsequent Phase
I messages do not distinguish valuations above p*. Above this price, profit is proportional
to profit under the characteristic’s initial belief and is decreasing. The top interval for c*
therefore remains [p*, 1]. The argument for the top interval in Proposition 3 then implies
that its Phase II price is exactly p*.

Finally, starting from a history in H Tk=1 " consider all Phase I arrivals having characteristic
c® and accepting, followed by the top-interval message in every Phase II period, with every
characteristic arriving at least once and accepting. This event has positive probability. No
offer exceeds p*, and every characteristic accepts p*, so the resulting rectangle is exactly
I = [p*,1]°. Hence P(HT++1~1) > 0. Starting from I° = [0, 1], this verifies the condition
for every subsequent block.

From the construction in the proof of Proposition 3, it follows that we guarantee e-learning
of all valuations in [p*~1, p¥) with strictly positive probability at the end of the block k,

regardless of the realized histories at the end of block k& — 1.

LEARNING. In each block k, regardless of the preceding consistent history, there is a strictly
positive probability that sufficiently many consumers of each characteristic arrive and receive
the offers needed for the platform to e-learn their valuations in [p*~!, p¥). Therefore, after the
k* blocks, there is a strictly positive probability that the platform has e-learned valuations in
[0,9*"). Repetitions are independent conditional on v*, so the second Borel-Cantelli lemma

implies that this learning event eventually occurs almost surely.

55



B. Long-lived consumers

B.1. Information design and c-learning

Proof of Theorem 2.

Construction.

Throughout this proof, write 6 = dg. Before giving the construction, we describe its
equilibrium path. The grid 0 < by < by < --- < by < 1, the prices py, ..., pn, and the function
r will be defined below. If v € [0,b;), the first offer p; is rejected and every later offer is
by, which is accepted if and only if v > by. If v € [b,, b,41) for some n =1,..., N — 1, the
offers pq,...,p, are accepted and p, . is rejected. The same consumer then purchases at
r(b,) and exits. His replacement, and every subsequent consumer, purchases at b,,. Finally, if
v € [by, 1], the offers py,...,px are accepted, after which by is offered and accepted forever.
Thus, for every v, the price and the posterior become constant after finitely many periods. If
v € [bn, bpt1), the limiting posterior is F' conditional on that interval, and the price is b,. We

now describe the construction.

Defining the grid. Let € > 0. For § sufficiently close to one, we construct a finite grid

0<by<b <---<by<1,

of thresholds, where by < ¢, b4y — b, <eforn=1,...,N—1,and by > 1 —e.

Define the function r : [0, 1] — [0, 1] as

v, 0 < v < by,

(1-5)’0—}-(5()0, boSUSl,

and note that r is increasing, concave, and continuous.

Fora,b € [0, 1], write p(a, b) := (1—=06)b+0r(a) and, forn = 1,..., N, define p,, := p(b,_1,by).
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For every b € (0, 1], let p(b) be the solution to

()~ F(p)
pelon)] F(b) — F(0)

Write pt = p(1) for the static monopoly price, i.e., the maximizer of p[1 — F(p)].

Lemma 7. For every e > 0, there exists § < 1 such that, for all § € [§,1), we can choose

by € (0,ph) to satisfy
(1= 0)by +p(b) | f(br) = (1= &)1 = F(b)]  and b <e.

Proof of Lemma 7. We already know that p(b) is unique, interior, and continuous as a function

of b. Its first-order condition is

We first show that

m— = —. (10)

I plb) 1
blo b 2

Let b, | 0 and take a subsequence along which p(by)/b, converges to ¢ € [0,1]. Since
0 < p(bg)/br < 1, convergence of subsequences is guaranteed by compactness. The mean-

value theorem implies the existence of & € (p(by), bx) such that

F(by) — F(p(bx)) = f(&k)[bx — D(br)]-

Combining this identity with the first-order condition and dividing by b, gives

(1-242) 60 =2 00,

Because 0 < p(bg) < & < by — 0, right-continuity of f at zero implies that f(p(bx)) and
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f (&) both converge to f(0). Taking limits therefore gives (1 — q)f(0) = ¢f(0). Thus every
convergent subsequence has limit ¢ = 1/2, which proves (10).

Next, consider

b
y(b) = [(1 = 6)b+ p(b)] 1—f(F)(b)
For every constant ¢ > 0, we have
O5(c(1 =9)) _ <f(0)
13 — 5 as 0 T 1.

Choose 0 < c_ < 2/f(0) < ¢,. For all § sufficiently close to one, we then have
Ps(c_(1—=9)) <1—0< Pg(cy(1=0)).

Continuity of @4 yields a solution b; € (c_(1—140),cy(1—46)). We can thus choose ¢ sufficiently
close to one to ensure that ¢, (1 — ) < min{p',e}. Note that b, = O(1 — §). This proves the

result. O

Choose b; as in Lemma 7 and let by = p(b;). Note that by = O(1 — §). We now
define by to by. Choose b € (max(by,1 —¢),1). Since p, r, and F are continuous and
1 — F(a) >1— F(b) > 0 for a < b, the function

1 — F(b)

(a,b) — p(a, b)l—iF(a) —r(a)

is continuous on the compact set [by, b]* and, hence, uniformly continuous. Uniform continuity

lets us choose a single bound p on the gap between consecutive cutoffs that works for every

a € [by,b]. On the diagonal, the value of the function is
pla,a) —r(a) = (1—=0)[a—r(a)] = (1 =9)d(a—by) > (1 —9)§(by — by) > 0.

By uniform continuity, there exists p > 0 such that, whenever b; < a < b < b and
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b —a < p, the absolute difference between the value at (a,b) and its value at (a,a) is less

than $(1 — &§)6(by — by). Therefore,

> r(a) (11)

under the same conditions.

Choose an integer N > 2 sufficiently large that

b—b
d:= N i < min(e, p),
and set
b, = by + (n—1)d, n=1,...,N.
Then, by = b > 1 — ¢, every successive gap equals d < ¢, and (11) gives, forn =1,...,N —1,

1 - F(bn+1)

pn“l—iF(bn) > 7(by). (12)

Write Iy = [0,b1), I, = [bn, bpy1) for 1 <n < N, and Iy = [by, 1]. For an interval I, write Fy
for F' conditional on I.

Implication of the choice of by. The function r is increasing and concave, hence log-concave
on (0,1]. Since 1 — F is log-concave, the function v — r(v)[1 — F(v)] is log-concave. For

v > by, its derivative is

(1=0)[1 = F(v)] = r(v)f(v).

Lemma 7 says that this derivative is zero at b;. Therefore, v — r(v)[1 — F(v)] is maximized
at by and is decreasing on [by, 1]. We repeatedly use this observation below.

Information design. The messages that can be sent depend on the period: m,,,, can be sent
only in period n, for n =1,..., N. The message @ can be sent from period two onward, and

the message m, ,+1 from period n 4 1 onward, for n = 2,..., N. We also use messages ny, ,,
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forn=1,...,N. If n < N, my, can be sent from period n + 3 onward; m; y can be sent
from period N + 1 onward. Under the sellers’ strategies, m,,, induces price p,, and my,
induces price b,,. The message m, 41 induces price 7(b,_1), while @ induces price by. No
other messages can be sent.

For n =2,..., N, note that
Pn — T’(bn) = (5(1 — 5)(bn,1 - bo) > 0.

For p € [r(by), pn|, define

M) =

€ [0,1]. (13)

The following rules specify the information design at every history.

1. At the first period (empty history), send m,,; with probability one.

2. Consider a consumer who entered at period n when the message is m,, ,,, where 2 <n < N.
At every history at which he remains active, if he rejects an offer p € [r(b,), p,], send
Myn+1 Next period with probability A, (p) and @ with probability 1 — A, (p). If he rejects
any other offer, send @ with probability one.

3. After any rejection by the first consumer, i.e., the one entering when the message is m,, 1,
or by a consumer who entered at @, send @ next period with probability one. This rule
depends on the consumer’s entry message, not the current message. A consumer who
entered at my ,, with n > 2, remains subject to Rule 2 even when the current message is
.

4. After either decision by a consumer who entered at my,,,, send my,,, again.

5. If the current message is m,, and p, is accepted, send my 11 when n < N, and send
my v when n = N.

6. If the current message is m, 11 and r(b,_1) is accepted, send my,,_;.

7. After every other acceptance, send &.
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Sellers. A seller who observes @ offers by. A seller who observes m,, ,, offers p,,. A seller who

observes m,. 41 offers r(b,_1). A seller who observes my,,, offers b,,.

Consumers. A consumer who enters at m,,,, accepts p if and only if p < R, (v), where

Ry(v) := (14)
max(r(v),p,), v > by.

Since p; = r(by), we have Ry = r. For n > 2, every price in [r(b,), p,] is accepted precisely
when v > b,. At every price outside that interval, acceptance is equivalent to p < r(v).
A consumer who enters at @ accepts if and only if p < r(v).

A consumer who enters at my,,, accepts if and only if p < S,,(v), where

v, 0 <wv<b,,
Sp(v) == (15)

(1—=0)v+0db,, b, <v<1.

Thus, the strategy a consumer follows depends only on his valuation, the current price
and the message at which he entered the market. As we will see, two different messages at
which a consumer enters the market correspond to two different public beliefs. The public

belief is Fy,,_, 1] when the message is m,,,, and n > 1, Fjy, 4,.,) when the message is m,;, (no

n+1)
consumers enter when the message is m,.,,+1) and Fjgp,) when the message is @.*° Clearly,
all acceptance rules are monotone in prices. Thus, the strategies satisfy all the postulated

properties.

Optimality and Beliefs.

We first repeat the description of the equilibrium path. If v € I, the initial consumer
rejects p; and the next message is &. Every later offer is by, which is accepted if and only if
v>by. Ifvel, forl <n < N, the offers py,...,p, are accepted and p,,, is rejected. Since

Ant1(Pn+1) = 1, the next message is m,.,+2. The same consumer purchases at 7(b,). His

23We let byy1 = 1.
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replacement then receives my, ,, and every subsequent offer is b, and is accepted. If v € Iy,
all N offers are accepted and my, v is sent forever, with price by .

Under the prescribed strategies, @ occurs with positive probability only after p; has been
rejected in period 1. Following that rejection, the platform sends @ in every subsequent
period. It also sends @ at other histories, which have zero equilibrium probability. Observing
& therefore induces the public belief Fjg,). Similarly, when n > 1, the message m,,, has
positive probability only when the prices (p1,...,pn—1) have been offered and all have been
accepted. Thus, upon observing m,,,, the public belief is Fj,,_, ;). The message m,, has
positive probability only when the prices (pi,...,p,_1) have been offered, the first n — 2
prices have been accepted and p,,_; is rejected. Thus, upon observing m,.,,, the public belief
is Fiy, b, ;). Finally, when n < N, the message my,, has positive probability only when the
prices (p1, ..., Pn, Pni1, 7 (by)) have been offered, the first n prices have been accepted, the
price p,41 is rejected and r(b,) is accepted. Thus, upon observing my,,, the public belief is
Fiy, b,.1)- Upon observing my, y, the posterior is Fjy 1j.

We now verify the optimality of the sellers’ strategies. Upon observing the message &
at period t, a seller assigns probability one to consumers using the acceptance rule r — see
Rule 3. Clearly, if the seller offers a price p > r(1), its expected demand is zero. For any

remaining price, let ¥ satisfy p = r(v). If v < by, the seller’s expected profit, up to the

positive multiplicative constant F'(b;) — F'(0), is

U[F(by) = F(0)],

which is maximized at by by the definition of by. If by < v < by, the expected profit is

r(@)[F(b) — F(0)] < 0[F(b1) — F(0)] < bo[F'(b1) — F(bo)]-

If ¥ > by, the expected demand is zero — since beliefs are Fjg;,). Thus, by is optimal at @.

At my, 1, the consumer uses Ry = r and the seller has prior F'. Since p; = r(b;) and b;
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maximizes r(v)[1 — F'(v)], the initial price p; is optimal.
At my,,, for n =2,..., N, the posterior is Fj,,_, ;) and the consumer uses R,,. The price

Pn gives expected profit
1—F(b,)
P TR, )

> T(bn_l)

by (12). Every price in [r(b,),p,] sells to exactly the same valuations as p,, at a weakly
lower price. At every price outside this interval, the demand is governed by r. Again, a
price p > r(1) has zero demand. For any remaining price, let ¥ satisfy p = r(v). If o < b,,_1,
revenue is at most r(b,_1). If ¥ > b,_1, revenue is

1 - F(3)

T(v)m < r(by_1),

because r(v)[1 — F(v)] is decreasing on [by, 1]. Thus, p,, is optimal.

At m, 41, the posterior is Fj,,_, 5,) and the active consumer uses R,. Since the seller
assigns probability one to [v < b,], the expected demand is induced by the acceptance rule
r. Let U € [b,_1,b,) satisfy p = r(0). The expected profit, up to the positive multiplicative
constant F'(b,) — F(bn—1), is:

r(©)[F(ba) — F(7)].

Its derivative satisfies

(1= 8)[F(by) — F(0)] — (D) £(0) = [(1 = 0)[1 = F(D)] - r(8) £ (0)] —(1 = 6)[1 — F(by)

<0

< (1)1 - F(b,)] <0,

where the first term is nonpositive because v > b;.
Charging less than 7(b,_1) sells to all consumers, but at a lower price, and pricing above
r(b,) has zero expected demand. Hence, it is optimal to offer r(b,_1).

At my,,, the consumer uses S, and the posterior is Fyy, 4,.,). (We define by, = 1.) Let
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U € [by, byy1) satisfy p = S,(0). The expected profit, up to a positive multiplicative constant,
is

Sy (D)F (busr) — F(5)].
Since S, (0) = r(v) + d(b, — by) on this range, its derivative is

(1= O)[F (bny1) — F(0)] = Sn(0) f(0)

= [(1=8)[1 = F@)] = r(@)/(®)] =(1 = 6)[1 = F(bus1)] = 6(ba — bo) (8) < 0.

<0

The expression in brackets is nonpositive because v > b,, > by. Prices at or above S,,(b,,+1)
have zero demand, apart from a possible endpoint of zero probability. Therefore, S, (b,) = b,
is optimal.

It remains to verify the optimality of the consumers’ strategies. A consumer who entered
at @ receives by after every rejection. For v > by, buying rather than rejecting changes his
payoff by

(v—p) = (v —"by) =r(v)—p.

For v < by, rejection gives zero and the difference is again v — p = r(v) — p. The same
argument applies to the initial consumer, whose rule is Ry = r.

Consider a consumer who entered at m,,,, for 2 <n < N. At a price outside [r(b,), pn,
rejection leads next period to by; thus, using the acceptance rule r is optimal. Now consider

p € [r(by), pn]. The definition of A\, (p) gives

P=2(P)pn + (1= An(p))7(bn) (16)

= (1= 8)bn + 6| A (P)r(bn-1) + (1 = A (p))bo) - (17)

For v > b,,_4, if the consumer rejects p, he purchases at either continuation price, i.e., by or

7(by—1). To see this, note that if the consumer rejects r(b,_1) after having rejected p, the
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offer is by next period (since r(b,—1) < r(b,)), and
[v—7r(by_1)] —0(v —by) = (1 —9)(v — b_1) > 0.

Thus, the consumer has no incentive to reject r(b,_1). Similarly, he has no incentive to reject

bg. Thus, buying at p rather than rejecting changes his payoff by
v=p =8 Xa(p)(v = r(ba1)) + (1= (D)) (v = bo)| = (1 = 8)(v = by).

It is optimal to accept precisely when v > b, among valuations in [b, 1, 1].
If by < v < b,_1, the consumer rejects r(b,_1) after having rejected p and then purchases

at bg. The difference between accepting now and following this continuation is

v=p = X(p)(v = bo) = 6(1 = Au(p)) (v — bo) = v — p = 8[L = Au(p)(1 — 9)](v — bo)
= (1= 6)[v = by + X (p) (v = bp)]

< 0.

If v < by, then p > by > v, and every continuation offer before purchase is at least by, so
rejection is optimal. This verifies R,, after every history, including histories at which the
consumer faces &.

Finally, a consumer who entered at m;,,, receives b, after every rejection. If v < b, waiting
gives zero, so he accepts precisely when p < v. If v > b,,, he purchases next period at b,, and

the acceptance condition is
v—p=dv—>,) <= p=<(1-26)v+db,.

This is exactly 9, including for valuations outside the seller’s posterior support.

Finally, if v € I, for 1 < n < N, the platform identifies that interval after the rejection in
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period n + 1. If v € Iy, it identifies I, after the first rejection; the response to by in period
two further distinguishes [0, by) from [by, b1). If v € I, it identifies Iy after N acceptances.
All these intervals have length less than e, so learning is complete after N periods. Every

rejection lottery on the equilibrium path is degenerate, since A\, (p,) = 1. ]

C. Consumer and producer surplus

C.1. Short-lived consumer

Proof of Theorem 3(7). We construct the three vertices of the attainable set and then combine
them through public randomization.

The producer-optimal vertex (Elv] — CS(p), CS(p)). Fix € > 0. After a finite time 7T'(¢) the
platform identifies either an interval I = [a,b) C [0,p) with b —a < e, or [p, 1]. Thereafter,
let the platform reveal the identified interval to every seller. On I, charging a guarantees
revenue a > E[v | v € I] — . Optimal expected revenue is therefore at least this amount,
and conditional consumer surplus is at most . On [p, 1], the monopoly price remains p. Let
PS;(M) and CS;(M) denote expected producer and consumer surplus in period ¢, respectively.

Averaging across intervals, for every ¢t > T'(¢),

Elv] — CS(p) — € < PSy(M) < E[v] — CS(p),

CS(p) < CSyM) < CS(P) +¢.

For fixed e, the learning phase has discounted weight 1 — 67¢) — 0 as 6 1 1. Letting ¢
decrease sufficiently slowly as 0 T 1 gives the claimed vertex.
The consumer-optimal vertez (PS(p), E[v] — PS(p)). Fix ¢ > 0. We first choose small

intervals near zero and p whose combined contribution to total surplus is less than . Choose
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0 < 2n < b < p, with b sufficiently close to p, such that

/OznvdF(v)—k/bﬁvdF(v) <e.

For ~ € (0,7), use the construction in the proof of Proposition 2 in Appendix A.1, choosing
a mesh strictly smaller than « and including b as a gridpoint. Let a be the smallest gridpoint

weakly above 1. Then we obtain a partition:
[070/)7 K; = [gzaul) (Z:LaN)a [baﬁ)> [ﬁ? 1]7

where a € [n,n+7), the K; partition [a, b), and max;(u; — ¢;) < . Without loss of generality,
index the intervals so that ¢; < --- < fy. This construction ensures that the platform
identifies the cell containing v* in finite time.

Uniform-profit segmentation of Bergemann et al. (2015) in an auxiliary economy.

We construct a finite auxiliary market by placing the probability mass of each cell K; at

its lower endpoint ¢;, and the mass of [p, 1] at p.?* The corresponding masses are

Demand in the auxiliary market is weakly lower at every price and unchanged at p. Hence, p
remains a monopoly price, yielding revenue PS(p).
We use the direct uniform-profit segmentation of Bergemann et al. (2015). Define

lioy

B :=h , 0= =75
o PS(p) — ;B

k>

S1 = ]_, Sit1 ‘= Sz(l - 01)

Because p is the unique monopoly price under the prior and ¢; < b < p, we have PS(p) >

li(oy + B;), so 0; € (0,1) and s; > 0. For auxiliary valuation ¢, send message m; with

24The auxiliary market retains the original weights on [a,b) U [p, 1], so its total mass is less than one.
Normalizing these weights leaves optimal prices and the segmentation unchanged.
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probability s;6; for each ¢ < k and my with probability s;. For auxiliary valuation p, send m;
with probability s;0; for every ¢ and my with probability sy.;. These probabilities sum to
one because

N
ZSZ-QZ' + S = 1, 28201 + SN+1 = 1.

i<k i=1

In the auxiliary economy, the seller is indifferent between ¢; and p after m;; select ¢;. After
my, select the optimal price p. These prescribed prices achieve efficient trade and aggregate
producer surplus PS(p). We next verify that they remain optimal in the original economy.

Implementation in the original economy. After learning, apply the same message probabil-
ities to each v € K}, as to auxiliary valuation ¢, and to each v € H := [p, 1] as to p. Reveal
each omitted region through a separate message, inducing its conditional monopoly price.

After message m;, the seller’s unnormalized posterior assigns the prior measure to K;, 6;
times the prior measure to U; K U H, and zero measure elsewhere. We recommend price
l;, which yields

li(oy + 0;B;) = 6;PS(p).

A lower price serves the same consumers at a lower margin. At any price p > u;, the K;

component generates no demand, so profit is at most
0;p[1 — F(p)] < 6;PS(p).
It remains to consider p € (¢;,u;). On this interval, profit is
mi(p) = p{F (u;) — F(p) + 0;B:}.
Since [n, b] is bounded away from the unique monopoly price,

k= min {PS(p) — p[l — F(p)]} > 0.

pe[nvb]
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Moreover,

PS() — 6B > PS() — L[l — F(6)] > v, 0.8 < Zas

TR
Because a; = O(7y) uniformly and minyecp, s pf(p) > 0, for every p € (4, u;),

mi(p) < a; +0;B; — min zf(r) <0
x€[n,b]

when 7 is sufficiently small. Thus, ¢; is optimal after m;. After my, the posterior is Fj; ),
under which p is optimal.

Every valuation in |J; K; U H trades, and seller profit from these messages is
N
PS(p) (Z 5i0; + 5N+1> = PS(p).
i=1

The omitted regions contribute nonnegative surplus totaling at most

a D
/ vdF(v) +/ vdF(v) <e.
0 b
Therefore, in every period after learning,

PS(p) < PSi(M) < PS(p) + ¢,

E[v] — PS(p) — e < CS;(M) < E[v] — PS(p).

For fixed e, learning ends in finite time, so its discounted weight vanishes as ¢ 1 1.
Letting ¢ decrease sufficiently slowly as ¢ 1 1 therefore yields the consumer-optimal vertex
(PS(p), E[v] — PS(p)).

The static vertez (PS(p), CS(p)). If the platform conceals the entire history, every seller
charges p. The surplus pair is (PS(p), CS(p)) in every period and hence for every 0.

The attainable set. We have shown that the producer-optimal, consumer-optimal, and

static vertices are asymptotically attainable in the sense of Definition 3. Public randomization
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before play, independently of v, across the three associated information designs therefore
attains every point in the triangle Agy, stated in Theorem 3(i).

Conversely, a seller can ignore the platform’s message and charge p, so expected producer
surplus in every period is at least PS(p). By the price bound underlying Theorem 1(i),
no design induces a price above p. A short-lived consumer’s surplus is therefore at least
max{0,v — p}, yielding expected consumer surplus at least CS(p). Total surplus cannot

exceed E[v]. Hence, for every design and induced equilibrium,

PSs(M) = PS(p),  CS;(M) =2 CS(p),  PSs(M) + CSs(M) < E[v].

These inequalities are preserved by public randomization and by limits as ¢ 1 1, excluding

every outcome outside the triangle. This proves part (i). O

C.2. Long-lived consumer

Proof of Theorem 3(ii). Set 05 = 6. We establish the three vertices of the attainable set and
then combine them through public randomization.

The producer-optimal vertex (E[v],0). Fix ¢ € (0, 1) and use the construction of Theorem 2.
We show that the time 7'(e,0) after which every seller earns at least v — ¢ can be chosen to
grow at most logarithmically in 1/(1 — §). We establish this bound using a geometric grid:
each step increases the current cutoff by a fixed proportion, except for the final step.

Lemma 7 and (10) imply by ~ 2(1 —9)/f(0) and by/by — 1/2. For by <a <b<1—¢/2,

the margin in (11), evaluated at b = a, is

pla,a) —r(a) = (1 —0)d(a—by) > (1 —0)a/8

for ¢ sufficiently close to one. Before setting b = a, the margin in the grid inequality has
a derivative with respect to b that is uniformly O.(1 — §), because p(a,b) = O(1 —9), f

is bounded, and 1 — F(a) is bounded away from zero. Thus the inequality remains strict
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whenever b — a < na, for some sufficiently small € (0,¢/2) independent of 6. We may
therefore use the grid

bt+1 = mln{(l + n)bta 1-— 5/2},
stopping at by = 1 — /2. All gaps are smaller than ¢, and the equilibrium verification is
unchanged. This grid has N = O(log(1/(1 — ¢))) points. Allowing two further periods for
the permanent prices to take effect gives

T(g,0) :N+2:Os<log1i5).

From period T'(, ) onward, seller revenue is at least v — € for every valuation, including

v < by < &, where revenue is zero. Revenue before that time is nonnegative, so
PSs(M) > 67 YEy] — ¢).

For fixed e, the logarithmic bound implies (1 —9)7'(g,0) — 0, so the right-hand side converges
to E[v] — €. Letting € decrease sufficiently slowly as § 1 1 yields producer surplus E[v] in the
limit. Nonnegativity and the total-surplus bound then imply that consumer surplus converges
to zero, establishing the vertex (E[v],0).

The consumer-optimal vertez (0, E[v]). Let MNP conceal the entire history by sending
the same message after every history. We construct an equilibrium with a constant price:
following a price increase, consumers can wait for the prescribed price next period. Define
the generalized failure rate g(p) := pf(p)/[1 — F(p)]. Log-concavity implies that the hazard
rate f(p)/[1 — F(p)] is nondecreasing, so g is strictly increasing. Moreover, g(0) = 0, and the
first-order condition for the unique static monopoly price gives g(p) = 1. For each § € (0,1),

therefore, there is a unique py° € (0, ) satisfying g(piP) =1 — 4§, and p{P | 0 as § 1 1.

Proposition 4 (No disclosure). Consider the information design MNP. For every ¢ € (0,1),

there is a stationary equilibrium with constant on-path price pyP.
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Proof. If a seller charges p < pYP, a consumer accepts if and only if v* > p. If instead

p > pyP, the consumer accepts if and only if

_p—0p"

vt > T15(p) s

This strategy is optimal when all future sellers charge pyP: the cutoff 75(p) equates the payoff
from buying now with that from waiting one period, while a price weakly below the future
price is accepted whenever it does not exceed the valuation.

Consider a seller’s deviation. For p < piP, expected profit is p[1 — F(p)], which is increasing
because g(p) < g(pyP) =13 < 1. For p > p§P, write x = 75(p), so that p = (1 —6)z +op}P.
Expected profit is

Hs(z) = [(1 = )z + o3P ][1 — F(a))
with derivative

T (z)

T Fy =~ 19~ (1= 0)z + op}"] /(@)

1— F(x)
The second term is nondecreasing in z, and at x = pyP it equals g(pyP) = 1 — d. Hence Il; is
nonincreasing for x > pP; prices for which 75(p) > 1 yield zero demand. Thus, charging py

is optimal, establishing the stationary equilibrium. O

Expected consumer surplus is constant across periods in this equilibrium. Normalized

discounted consumer surplus therefore satisfies

CSs(MNP) = /1D(U —p§P)dF (v) — E[v] as 0 1 1.

Py

Nonnegativity and the total-surplus bound then imply PS;(M~P) — 0. Thus this design
and its selected equilibria attain (0, E[v]).

The vertez (0,0). The next proposition constructs an information design and a stationary
equilibrium in which sellers charge a constant price along the equilibrium path. This price

converges to one as 0 T 1, so trade vanishes in the limit.
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Proposition 5 (Vanishing surplus). There exist 6 € (0,1) and information designs M3, for
o€ (5, 1), each admitting a stationary equilibrium in which sellers charge the same price pj

in every period along the equilibrium path. Moreover, ps — 1 as 6 T 1.

Proof. Construction of p;. For each 9, select a full-disclosure equilibrium from Proposition 1,
including its continuation after arbitrary rejected offers. Write Ps and Qs for the corresponding
nondecreasing price and reservation-price functions in (27) of Online Appendix OB.2. Recall

that Corollary 1 in Online Appendix OB.2 implies Ps(1) — 0 as 0 1 1, and hence

Qs(1) =1— 5+ 6P5(1) — 0.

For ¢ sufficiently close to one, define pj as the largest solution in (0, 1) of

psll = F(p5)] = 2Qs(1).

The static revenue function is continuous, positive on (0, 1), and zero at one. Since Qs(1) — 0,
this solution exists for ¢ sufficiently close to one and satisfies p; — 1.

Information design. The platform sends a concealing message H initially and after every
acceptance. Rejected offers may trigger a full-disclosure phase, which lasts until the current
consumer purchases. The information design follows these rules:

(i) If an offer p < Qs(pj) is rejected at H, initiate the selected full-disclosure continuation

following rejection of that offer from prior F.
(ii) If an offer p € [Qs(p;), p5] is rejected at H, initiate the full-disclosure continuation at

posterior Fjg,+ with probability

D5 —D Ps— P
O(p) = = )
W)= = 0a0) ~ o0 — By ()]

and send H otherwise.

(iii) If an offer p > pj is rejected at H, send H.
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(iv) Whenever disclosure is initiated under (i) or (ii), follow the selected full-disclosure
continuation until the incumbent purchases, then send H to the next seller. Reveal the
information defining the continuation’s initial posterior and subsequent transactions,
while keeping earlier transactions concealed.

These rules apply after every history. In particular, the first rule uses the complete disclosure
continuation after the actual rejected offer, including any off-path randomization.

The lottery is well defined because monotonicity of Q)5 and the choice of p; give Qs(p;) <
Qs(1) < p5/2 < p;s, so O(p) € [0, 1] throughout the interval in rule (ii).

Seller strategies. A seller receiving H charges p;. After any message in a full-disclosure
continuation, the seller uses the corresponding price strategy of the selected full-disclosure
equilibrium.

Consumer strategies. Every consumer enters at H. At this message, a consumer with

valuation v accepts an offer p if and only if p < R(v), where

v), v < p3,
R(v) = Qs(v) Ds

(1 —96)v+dps, v > p;.

During disclosure, the consumer follows the selected full-disclosure strategy on the posterior
support and its sequentially optimal completion outside that support.

Optimality and beliefs. We first verify consumer incentives. At H, continuation play gives
U(v) = (v—pj§)+. Let V(v) be the value before the first offer in the disclosure continuation at
Fjopz); for v > pj, it equals v — Ps(p;). For p < Qs(ps), the inherited disclosure continuation
makes the prescribed reservation rule optimal. For p > pj, rejection returns to H, giving
reservation price (1 — §)v + dp; for v > pj; valuations v < pj reject. For p € [Qs(ps), p;], the

gain from accepting rather than rejecting is

A(v,p) =v—p—0{0(p)V(v) +[1 = 0(p)|U(v)}.
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For v < p, at p = Qs(p§) rejection initiates disclosure with certainty. The consumer can buy

at the next offer Ps(p;), so V(v) > v — Ps(p;). Using (27) in Online Appendix OB.2,

A(v,Qs(p3)) < (1= 0)(v —p3) <0.

At p = pj, the gain is v — p5 < 0. Since A(v,p) is affine in p, consumers with these valuations
reject throughout the interval, with ties resolved according to the reservation rule. For v > pj,
substitution gives A(v,p) = (1 — d)(v — pj) > 0. Thus the prescribed rule is optimal at every
offer.

During disclosure, the supported valuations lie in [0, p5], where R agrees with the selected
full-disclosure strategy. All consumers enter at H and use the same rule, with the specified
sequentially optimal completion outside the posterior support. The construction therefore
satisfies stationarity and monotonicity, including after a consumer’s own deviation.

We next verify seller incentives. At H, an offer below Qs(p}) yields revenue at most Qs(1),
strictly less than pi[1 — F(p;)] = 2Qs(1). Offers in [Qs(p;), ps] serve the same upper tail and
yield the highest revenue at p5. An offer p > p; induces cutoff z = (p — op;)/(1 — &) > pj}.
If x <1, then p < x, and the choice of p; as the largest solution of the defining revenue
equation gives

p[l = F(z)] <l = F()] < p5[1 = F(p3)]-

If x > 1, revenue is zero. Thus pj; is optimal. Sellers in disclosure continuations behave
optimally by following the selected full-disclosure equilibrium.

At H, the seller’s posterior is F, since every valuation generates H on path. Disclosure
begins with the posterior induced by rejection of the offer; the lottery adds no information
conditional on rejection. Within disclosure, including after zero-probability histories, use the
belief system of the selected full-disclosure equilibrium.

Finally, 0(p;) = 0, so every on-path decision is followed by H. Thus every seller charges

p; in every period along the equilibrium path, and p; — 1 as ¢ 1 1. O]
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In this equilibrium, trade occurs in every period when v* > pj and never occurs otherwise.

Expected flows are constant over time, so the resulting design M9 satisfies

PSs(M3) = p5[1 — F(p;)] — 0,

Css(Mp) = [

1
Py

(v —p}) dF(v) — 0.
Thus (0,0) is asymptotically attainable.

The attainable set. Public randomization before play, independently of v, across the three
information designs associated with the three vertices attains every point in App,. Conversely,
nonnegativity and the total-surplus bound hold under every design and are preserved by
public randomization and limits. Thus no outcome outside the triangle is attainable, proving

part (ii). O
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Online Appendix (Not for publication)

Section OA studies short-lived consumers: OA.1 analyzes learning under full disclosure, and
OA.2 allows for competing sellers. Section OB studies long-lived consumers: OB.1 clarifies
stationarity, OB.2 analyzes full disclosure, OB.3 establishes learning for arbitrarily patient

consumers, and OB.4 examines belief consistency.

OA. Short-lived consumers

OA.1. Full disclosure with short-lived consumers

Under full disclosure, each new seller observes the current characteristic and the entire history
of characteristics, prices, and purchase decisions, and maximizes current expected profit.
Accepted and rejected offers narrow the set of possible valuations. We characterize the

limiting set and illustrate how the order of arrivals affects what the platform learns.

Recursive prices and learning. For a rectangle R = [].cc[le, uc] C [0,1]¢, with £. < u,

for every ¢, define

Pe(R) := argmax pPr(v. > p| v € R) = argmaxp f(v)dv. (18)
PE[lesuc] pE[le,uc] RN{v:v.>p}

This price is unique under the maintained assumptions. Fix a realized profile v* and an
arrival sequence ¢ = (c1, co, . ..). Starting from Ry(v*,c) = [0,1]¢, the period-t price and the

rectangle after the purchase decision are given recursively by

p(v',€) = po, (Ria(v*,€)),

{vive, Zp(vr0)}, iy, = pi(vh o), (19)
Ri(v*,c) = Ri—1(v*,c) N

{vive, <p(vhe)}, if vl <p(v* c).
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Both p:(v*, ¢) and R;(v*, c) depend only on the first ¢ arrivals; R;—1(v*, c) depends only on
the first ¢t — 1.

An acceptance raises the lower bound for the arriving characteristic; a rejection lowers its
upper bound. The other coordinate bounds do not change, although their conditional distribu-
tions generally do. We include interval endpoints when writing R;(v*, c); because valuations

have a density, this does not affect posterior beliefs. Write R;(v*, c) = [T [let(V", €), uct(VF, C)]

and define
R (v¥,c) := [ Ri(v*,c) = [[lle.oo (V*, €), tieoo(VF, €],
>0 c
where
leoo(VF, €)= 11{11 lei(VF,C), Ueoo(V", C) 1= li%n Ue (V" C).

These limits exist because the lower bounds increase, the upper bounds decrease, and all
bounds lie in [0, 1].
Proposition 6 (Learning under full disclosure). Fiz v* € (0,1)¢ and arrival probabilities

Ae > 0 for every c.

(i) For almost every arrival sequence, full disclosure yields a limiting rectangle Ry (v*,c) of
strictly positive prior probability. The platform’s posterior after periodt is F(- | Ry(v*,c))

and converges to the prior conditional on the limiting rectangle Ro.(v*,c),

F(-] Roo(v7, €)). (20)

(i) Conditional on v*, the learning outcome has a probability distribution over rectangles
induced by the arrival process. For every measurable collection A of rectangles, this
distribution s

My a(A) = PA(Ruol(v", 0) € A). (21)

where Py is the iid law of the characteristic sequence and Ry, (v*,c) is determined by

(18)—(19).
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Proof of Proposition 6. Part (i). Every rectangle reached at a finite date has positive volume.
Starting from Ry(v*,c) = [0,1]¢, an acceptance leaves a positive-width interval: the chosen
price is below the current upper bound, since a price at that bound yields zero profit whereas a
lower price yields positive profit. A rejection also leaves a positive-width interval because the
rejected price strictly exceeds v, and hence the current lower bound. Arrivals are independent
of valuations, and each purchase decision adds exactly the inequality in (19). Successive
Bayesian updating therefore gives F'(- | Ri(v*,c)) at every finite date.

Positive probability of the limiting rectangle. We first show that only finitely many
rejections occur. Each rejection reduces the relevant upper bound by a fixed proportion, so
infinitely many rejections would contradict the strictly positive realized valuation.

The maintained density is bounded above and bounded away from zero on the cube.
To see this, let m > 0 be its smallest value at a vertex. Log-concavity gives f(v) > m
everywhere. With z = (1/2,...,1/2), it also gives f(z)* > f(v)f(1 —v) > mf(v). Hence
m< f<M:= f(2)?/m < cc.

For a rectangle R = [[.[lc, u], let R_, := [14z.[l4, uq] denote its projection onto the other

coordinates, and write

ge(x) == /R_‘ flw,v_.)dv_, V_ .= vol(R_,).

Then mV_. < g.(x) < MV_. on [{.,u.]. If the optimal price p = p.(R) is rejected, then
p > vl > L, so it is an interior optimum. Its first-order condition, pg.(p) = [, g.(7) dx,
implies mp < M (u.—p) and hence p < qu,., where ¢ := M /(M +m) < 1. Every rejection thus
reduces that coordinate’s upper bound by a factor of at most ¢. Infinitely many rejections
would force its upper bound to zero, contradicting v} > 0. There are therefore only finitely
many rejections. Each final upper bound is strictly above v}, while each limiting lower bound
is at most v}. Thus R (v*, c) has positive volume and F(R(v*, c)) > 0.

Posterior convergence. Since Ry (v*,c) | Roo(V*,c), continuity of probability from above
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implies F'(R:(v*,c)) | F(Rx(v*,c)) > 0. Consequently,

[PC 1R 0) = F- | R0

T FR( )

— 0.

Part (ii). Conditional on v*, the recursion determines R, (v*,c) from the arrival sequence.
Its endpoints are limits of measurable functions of finite arrival histories and are therefore

measurable. Its distribution under the iid arrival law P, is thus given by (21). O

For a fixed valuation profile, each realized arrival sequence therefore determines one limiting
rectangle. Different arrival sequences can generate different rectangles because information
about one characteristic changes the prices offered to other characteristics. Within the learned
rectangle, the posterior retains the dependence in F; it is not generally a product of truncated
marginal distributions.

The proposition describes limiting learning, not necessarily learning completed at a finite
date. Only finitely many rejections occur for an interior valuation profile, but subsequent

acceptances can continue to tighten lower bounds as information passes across characteristics.

Example: two characteristics below the learning boundary. We develop the example depicted
in Figure 2 in Section 3.3, which compares full disclosure and information design. The prior

is that of Example 1 in Section 3.1 with K = 10, namely

f(v1,v2) = Z P exp[—10max{v; — vq, 0}], (v1,v2) € [0, 1]%,

ktl — maXxe—i 2 pc([qk7 1]2)

where Z is the normalizing constant. The recursion ¢° = 0 and ¢
gives the information-design learning boundary p> = limy, ¢* ~ 0.6978. Fix v* = (0.40,0.65)
and A\; = \y = 1/2. Both valuations lie below this boundary, so information design can learn

both to arbitrary precision. Under full disclosure, however, the platform learns one of two

rectangles, depending on which characteristic arrives first. All prices below are obtained from
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(18); numerical values are rounded to four decimals.

Characteristic 1 arrives first. The initial offer to characteristic 1 is 0.3628, which is
accepted. This acceptance makes sellers more optimistic about the valuation associated with
characteristic 2. The next consumer with that characteristic is offered 0.6030, rather than
the initial monopoly price of 0.5645, and accepts. Given these two acceptances, the next
consumer with characteristic 1 is offered 0.4384 and rejects. The platform has therefore
identified the rectangle

R4 =[0.3628,0.4384) x [0.6030, 1].

Characteristic 2 arrives first. The initial offer to characteristic 2 is 0.5645, which is
accepted. The next offer to characteristic 1 is then 0.4298, which is rejected. The posterior
support becomes [0,0.4298) x [0.5645, 1]. On this rectangle the density is constant, so the

next seller facing characteristic 1 charges 0.4298/2 ~ 0.2149. This offer is accepted, leaving
Rp =0.2149,0.4298) x [0.5645, 1].

Why these are the only two outcomes. Repeated arrivals between the informative
observations above only delay learning. After an acceptance, the same characteristic faces
the same price until news about the other characteristic changes beliefs. In the second case,
any arrivals of characteristic 2 after the rejection of 0.4298 continue to face 0.5645 and accept.

Thus the first arriving characteristic alone selects the eventual rectangle, and

Py(Roo(v',0) = Ra) = A1 =

D=

PA<ROO(V*,C) = RB> = )\2 =

N[ —=

Equal probabilities here reflect this particular construction, not a general implication of
uniform arrival rates. The rectangles overlap: they are alternative learning outcomes for the

same profile, not cells of a common partition.
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Both rectangles lie entirely in v; < vy, where the prior density is constant. Their
conditional distributions are therefore product-uniform. For a uniform valuation on [, u],
the monopoly price is max{¢,u/2}. In each rectangle, this price equals the lower endpoint
for both characteristics. Every subsequent offer is accepted and no further information is
generated: both rectangles are absorbing.

Figure 2 in Section 3.3 compares these outcomes with information design. The first
arrival changes the prices offered before a rejection, and hence the information retained when
full-disclosure learning stops. Information design can instead e-learn both coordinates for
arbitrarily small ¢ > 0. The singleton in Panel (c) depicts this precision limit, not exact

learning at a finite date under a fixed design.

OA.2. Profiling consumers with competing sellers

We extend the one-characteristic model with short-lived consumers to Hotelling competition
with linear transportation costs.

In each period, two short-lived sellers enter the market: Seller A is located at zero and
Seller B at one. The platform sends a message observed by both sellers, who then set prices
simultaneously. The consumer purchases from A or B or makes no purchase. The consumer
and both sellers then leave the market and are replaced in the next period.

The consumers’ common location y* is drawn from F' on [0, 1] before period 1. Their
valuations are v¥y = w — y*1 for product A and vj; = w — (1 — y*)7 for product B, where
7 > 0. We assume the baseline benefit w is sufficiently large to ensure full market coverage at
the equilibrium prices constructed below (specifically, w > 7'(1 + 2/ ming ) f )) In addition
to Assumption 2 about F' in the main text, we assume that f is symmetric around 1/2.

Let pa, pp be prices charged by sellers A and B, respectively. We extend Assumption 1
from the main text to the competitive setup:

Assumption 5 (Short-lived consumers). A consumer at location y* purchases from Seller A
if and only if vy —pa > max{0,v; —pgp} and from Seller B otherwise (as long as vl —pp > 0).

We consider perfect Bayesian equilibria as defined in the body of the paper. For the result
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below, we restrict sellers to pure pricing strategies. We use the same definition of e-learning
from the body of the paper, substituting “valuations” with “locations.”
Let 99 be the location of the indifferent consumer when Seller B charges zero and Seller A

best responds under the prior F. Define % symmetrically. We have that

1 1,

Fya) — (2 — y%) flya) =0,  1—Flyp)+ (2 - yB) flyp) =0. (22)

Log-concavity assures that these solutions are unique, and symmetry implies 4% = 1 — /9.
Proposition 7 (Competing sellers).

(i) No learning below y% or above y%. For every public information design and every
induced equilibrium in pure pricing strategies, any two locations both in [0,y9] or both
in (y%, 1] induce the same distribution over platform histories.

(ii) Learning between 3% and y%. For every e > 0, the platform can e-learn all locations
in (3, yp)-

The result mirrors the learning result with one seller. The platform cannot distinguish
consumers who have a strong preference for one of the products, but it can learn detailed
information about the location of consumers who do not. For a uniform prior, the two
thresholds are ¢ = 1/4 and y% = 3/4. The point Y identifies the indifferent consumer
when Seller A faces the highest possible competition: Seller B charges zero. Pooling histories
associated with locations in [0,4%] with histories associated with higher locations cannot
induce a lower cutoff. A symmetric argument applies to 3/%.

Learning uses the same idea as in Theorem 1: concealing past purchases changes sellers’
beliefs and induces prices that reveal more information. With competing sellers, it is the
difference between their prices that determines the consumer’s choice. Consider learning
below 1/2. Rather than revealing that the consumer’s location is below 1/2, the platform

sends the same message after these histories and some histories corresponding to higher

locations. This pooling can raise Seller B’s price relative to Seller A’s. Some locations that
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previously led to purchases from B now lead to purchases from A, allowing the platform
to distinguish them. The construction varies which histories receive the same message to

generate arbitrarily fine distinctions between 9 and y%.

Proof. Part 1: No learning below ¢ or above y%. Suppose that, before a period, all
locations in [0, Y] induce the same distribution over platform histories. This is true before
period 1. Conditional on any message that these locations can receive, the sellers’ posterior
density on [0,¢Y] is therefore proportional to f.

Fix Seller B’s price pg > 0. If Seller A’s price induces a cutoff § € (0,49%), her profit, up
to a positive normalization, is

§+ or T

1 _ _
paF(@).  g=min{] P2 IR

Using pg > 0 and w > 7, both one-sided derivatives of paF(y) with respect to ps are

bounded above by

F&) - 2210 < Fo) - (3 -9) F@) <o

The last inequality follows from (22) and the fact that F'/f is increasing. Reducing the
price is therefore profitable. A price inducing a cutoff at or below zero is also not optimal,
since Seller A can earn positive profit by serving some of these consumers. Thus every
equilibrium price pair at such a message induces a cutoff at least 4%, and all locations in
[0,9%] continue to generate the same purchase decision. Induction proves the claim. The
argument for (y%,1] is symmetric.

Part 2: Learning between 3 and y%

Information design. In period 1, the platform sends an uninformative message. The
equilibrium prices are py = pg = 7/f(1/2). A purchase from Seller A reveals y* < 1/2, and
a purchase from Seller B reveals y* > 1/2.

Suppose past purchases have revealed whether y* < b on every on-path history, for some

b € [y%, y%]. For each a € {0,1/2,1} with a # b, use one period as follows. If a < b, send
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message (a,b) after all histories consistent with a < y* < b, including y* = 0 when a = 0.
If a > b, send it after all histories consistent with b < y* < a. On the remaining histories,
reveal whether y* < min{a, b} or y* > max{a, b}. These messages are feasible because earlier
purchases have revealed on which side of b and 1/2 the location lies. The common message
(a,b) conceals any finer distinctions that earlier purchases revealed within that interval.

After each message, sellers have the prior restricted to the interval specified by the message.
They charge the prices derived in (23) below, with the endpoints in increasing order. Write
y(a,b) for the indifferent location after message (a,b). We verify below that the prescribed
prices constitute an equilibrium and that g(a,b) lies between a and b and belongs to [y%, y%].

After message (a,b), a purchase from Seller A reveals y* < y(a,b), and a purchase from
Seller B reveals y* > y(a,b). On histories receiving another message, earlier purchases already
reveal on which side of y(a, b) the location lies. Thus, by the end of this period, the platform
knows whether y* < y(a,b) on every on-path history.

Starting with b = 1/2, apply this procedure to every cutoff generated in the preceding
round. Use the same schedule on every history. Each round takes finitely many periods, and
the platform retains all information from earlier purchases.

We next verify sellers’ prices and then show that the cutoffs generated by these messages
become arbitrarily close to every location in [y%, y%].

Pricing with posterior Fl,p. Suppose both sellers have posterior Fj,;, with a < b. For
prices p4 and pg, let y = 1/2 + (pp — pa)/(27) be the indifferent location. When ¢ € (a, b),
the sellers’ profits are proportional to ps[F(y) — F'(a)] and pg[F(b) — F(y)]. Differentiating

each seller’s profit with respect to her own price gives the first-order conditions

F(y) — F(a)

PAS IR
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Substituting these conditions back in y = 1/2 + (pp — pa)/(27) gives

1

2P () + (35— 3) f&) = Fla) + FO). (24)

The first-order conditions are sufficient for profit maximization. When y € (a,b), the

derivatives of the sellers’ profits with respect to their own prices have the signs of

Fy) — Fla)  pa Fb) - F(y) ps
f@) 27’ f(y) 27
Log-concavity implies that (F(y) — F'(a))/f(y) is increasing in y and (F'(b) — F(y))/f(y) is
decreasing in . Raising p4 lowers y, so the first expression decreases with p4. Raising pg
raises ¥/, so the second expression decreases with pg. Each seller’s profit therefore increases
until her first-order condition holds and decreases thereafter.

Prices inducing y ¢ [a, b] either yield no sales or can be raised without reducing demand,
so they cannot improve on the proposed prices.

If a deviating price causes some consumers not to purchase from either seller, the seller
earns no more than calculated above. At the proposed prices, all consumers purchase. Hence
these deviations are also unprofitable.

It remains to verify that (24) has a solution between the endpoints of every interval used
by the design. These intervals have endpoints a € {0,1/2,1} and b € [y9,4%]. When a > b,
the posterior is Fiy o), and (24) still applies.

Symmetry and log-concavity imply that f is non-decreasing below 1/2. Moreover, since
F/f is increasing, (22) implies that, for y € [y9,1/2],

(i _ y) F@) <F@),  F@I@) < @)
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Together with f’(y) > 0, these inequalities give

Eera s (5-3) @] =sr@+ (5- 3) 1@ = 200 (25)
Symmetry gives the same inequality on [1/2,3%]. Log-concavity implies that f is absolutely
continuous on [y%,y%]. Since f > 0, integrating (25), which holds almost everywhere, shows
that the left side of (24) is strictly increasing in 7 on [¢%, y%]. By (22), the left side equals
F(y%) at y = ¢ and 1 + F(3%) at § = 3%. For every choice of a and b specified above,
the right side, F(a) + F(b), lies in [F(y%),1 + F(y%)]. Continuity and strict monotonicity
therefore imply that (24) has a unique solution in [¢%,y%]. A direct check shows that this
solution also lies between a and b.

For a # b, the prices in (23), evaluated at y(a,b) and with the endpoints in increasing
order, therefore constitute an equilibrium. The same best-response argument applies to
endpoint solutions, where one seller charges zero. Set y(1/2,1/2) = 1/2; this case adds no
new cutoff and requires no message.

Learning. We show by induction that, after n rounds, every y € [y, y%] has a generated
cutoff b’ satisfying |F(') — F'(y)| < 27". Thus the cutoffs generated by the design approximate
every location in this interval. The induction uses two properties. First, replacing an endpoint
with a nearby known cutoff reduces the approximation error by at least half when distances
are measured by F'. Second, every target cutoff can be generated from one of the specified
posteriors.

First, using an endpoint b’ in place of b produces cutoffs satisfying, for every a € {0,1/2,1}
and b,V € [ya, yz),

(5. ) ~ Fgla, 1) < 3 [F(0) ~ F@®). (26)

Indeed, changing b to 0’ changes the right side of (24) by F(b') — F(b). Integrating (25)
between the two solutions gives (26).

Second, for every target cutoff y € [yY,y%], there exist a € {0,1/2,1} and b € [y, y%]
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such that y = y(a,b). To show this, note that

1

5~ Flh) = /y ;/2 fly)dy > (; - yfi) Fya) = (),

where the inequality follows because f is non-decreasing below 1/2. Hence F(y9) < 1/4,
and symmetry implies F'(y%) — F(y9) > 1/2. As b varies over [y, y%], the right side of (24)
ranges over

[F(y2), Fyg)] when a =0,

[1/2+ F(y%),1/2+ F(y%)] when a = 1/2,

1+ F%), 1+ F(y%)] when a = 1.

These intervals overlap and together cover [F(y%), 1+ F(y%)], which is the range of the left
side of (24) for § € [y, y%]. Thus every cutoff in this interval can be obtained from one of
the specified posteriors.

We can now prove the claim by induction. Before the first round, the initial cutoff 1/2
satisfies the bound for n = 0.

Suppose the claim holds after n rounds. Fix any y € [y, y%]. By the second property,
choose a,b such that y = y(a,b). By the induction hypothesis, there is a generated cutoff
b satisfying |F'(V') — F'(b)| < 27™. By the end of the next round, the design has generated
y(a,t'). If a =1V =1/2, this is the initial cutoff, which has already been distinguished. By
(26),

F(a,b)) ~ F)| < S| F0) ~ FO) <2700

This proves the induction step. Since F' is continuous and strictly increasing, the generated
cutoffs are dense in [y%, y%].

Fix ¢ > 0 and y* € (y%,y%). After finitely many rounds, there are generated cutoffs
below and above y*, both within € of y*. The platform’s posterior is then concentrated

between these cutoffs, and remains so thereafter. Hence the platform e-learns every location

in (4%, yB)-
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Finally, following a price different from the prescribed price, or a purchase inconsistent with
the information from earlier transactions, the platform sends a separate message in every later
period. After this message, sellers hold the prior F' and charge ps = pg = 7/f(1/2). These
prices are optimal under that belief. The message has zero probability on the equilibrium
path, so assigning the prior is consistent with the belief requirement. Consumers follow the

assumed purchasing rule at every history. This completes the design and equilibrium.

OB. Long-lived consumers

OB.1. Stationarity and the support of public beliefs

Scope of stationarity. We impose stationarity only for valuations in the support of the current
public belief. This appendix explains why this qualification is needed to accommodate the
standard full-disclosure equilibrium while maintaining sequential rationality.

Let u; denote the current seller’s posterior over the consumer’s valuation, which we call the
public belief. For a consumer entering at history e, stationarity requires a fixed acceptance

rule f3.(p, v) such that

Be(h'™!,me,p,v) = Be(p,v)  whenever v € supp fu.

This requirement applies to every current offer, including deviations by sellers. Consumers
entering with the same public belief use the same stationary rule. If the consumer’s valuation
lies outside the current posterior support, his behavior may depend on history but must

remain sequentially optimal.
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Connection to bargaining models. The qualification is consistent with the treatment of
remaining types in standard bargaining constructions. Gul et al. (1986, p. 162) define
consumer stationarity only through the market state following a price below all previous
prices. Their equilibrium construction specifies the reservation-price rule for consumers
remaining in the market (p. 182), and their bargaining interpretation identifies residual
demand with the seller’s posterior over a single consumer’s valuation (Section 6.2). In other
words, Gul et al. require stationarity only along histories of decreasing prices. At other
histories, this is not imposed. The related reservation-price approach is reviewed by Ausubel
et al. (2002, Section 3). In the recursive bargaining model of Sobel and Takahashi (1983,
p. 414), rejection updates the seller’s existing posterior: an offer rejected by all supported
types leaves its upper bound unchanged. Our definition makes the support qualification

explicit in this tradition.

A full-disclosure example. Consider the initial consumer, with valuation drawn from U|0, 1]
and discount factor 0g = 1/2, facing successive short-lived sellers. All past offers and purchase
decisions are disclosed. The issue arises before any purchase, so replacement consumers
play no role. In the familiar equilibrium, if the current posterior is U[0, b], a consumer with
valuation v < b has reservation price r(v), and the seller posts P(b), where
r(v)==v (v<b), P(b) = g
Indeed, the marginal consumer satisfies 7(v) = (1 — dg)v + dpP(v), and the seller maximizes
p(l — 3p/ (2b)) over prices with positive demand.
Now consider a consumer with v = 9/10 and the following history:
1. The first seller charges P(1) = 1/3. The consumer deviates and rejects. Since the
prescribed rule accepts this offer exactly when v > 1/2 the next seller’s posterior is
Ul0,1/2].

2. The next seller deviates and charges p = 11/20. Applying the original rule to this excluded
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valuation would prescribe acceptance, because 11/20 < r(9/10) = 3/5. Acceptance yields
9/10 — 11/20 = 7/20.

3. Every valuation in the current posterior support rejects 11/20. Rejection therefore leaves
the posterior at U[0,1/2], and the following seller charges P(1/2) = 1/6. Rejecting and
accepting that next offer yields

5 (9_1>_11>7
BX10 6/ 30 20

Thus, extending the original stationary rule to this excluded valuation violates sequential

rationality.

The role of the qualification. After the first rejection, the consumer’s valuation 9/10 lies
outside supp p; = [0,1/2]. He can therefore respond to the actual continuation price. At this
history his reservation price is
9 8 11
1—96p)— +dP(1/2) = — < —
(1=08)35 +98P(1/2) = 35 < 55,
so he rejects the offer, as sequential rationality requires. Since p = 11/20 > 1/3, Gul et al.
would not impose stationarity either, as the price sequence is not decreasing. The supported
valuations retain their original stationary rule. Allowing this continuation behavior for
excluded valuations preserves the familiar equilibrium price path and learning outcome. The

example explains why the reservation-price rule must be applied on its stated support, while

optimal behavior must still be specified at every information set.

OB.2. Full disclosure when consumers are long-lived

Under full disclosure, every seller observes the full history. The proof distinguishes posteriors

whose support reaches zero, which we call the no-gap case, from posteriors with a strictly
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positive lower endpoint, which we call the gap case. Let Q, P,o : V — V satisfy

Q(z) = (1=0p)a+dpP(x),  o(b) € argmax Q(z)[F(b)—F(z)],  P(b) = Q(a(b)). (27)

z€[0,b]

When the posterior is truncated from above at b, Q(z) is the price that induces marginal
consumer z, o(b) is the seller’s optimal cutoff, and P(b) is the associated offer. The proof
of Proposition 1 below establishes existence by applying the weak-Markov construction of
Fudenberg et al. (1985) with a zero seller discount factor. Fix such a solution, including a

selection o whenever the argmax is not a singleton. Set b = 1 and define
by =o(biy), t=1L (28)

Lemma 8 (Cutoff sequence properties). For any stationary solution of (27), the sequence
defined by (28) is strictly decreasing and converges to zero.

Proof. Because ¢(0) = 0, equation (27) implies P(0) = Q(0) = dpP(0). Hence, P(0) =
Q(0) = 0. Fix b > 0. The objective defining o(b) is zero at both z = 0 and = = b, whereas it
is strictly positive for every x € (0,b): indeed, Q(x) > (1 —dp)x > 0 and F(b) — F(z) > 0.
Thus, 0 < a(b) < b, so {b} }+>0 is strictly decreasing and converges to some ¢ > 0.

Suppose, toward a contradiction, that ¢ > 0. Because () is bounded, the value attained by

the selected cutoff satisfies
QU)|[F(b;_y) = F(b))] — 0.

Fix any = € (0,¢). For all sufficiently large ¢, this x is feasible in the problem defining o(b;_,),

and its objective value converges to

Qx)[F(0) = F(z)| >0.
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This contradicts the optimality of b = o(bf_;). Therefore, ¢ = 0. O

Proof of Proposition 1. Step 1: The no-gap case. Before the first purchase, no replacement
has entered, so the initial consumer remains active. In a stationary equilibrium, this
consumer’s pure strategy can be represented by a nondecreasing reservation-price function
r(v): type v accepts p if and only if p < r(v) whenever v lies in the current posterior support.
Equivalently, every price induces a valuation threshold x, with types v > x accepting and
types v < x rejecting. This standard screening property is established by Fudenberg et al.
(1985); see also Ausubel et al. (2002, Lemma 1).

The initial seller’s posterior is Fjg ). Along a sequence of rejections, each rejected price
induces a threshold x and reveals that v < . Under full disclosure, the seller’s posterior is
therefore truncated from above to Fjy,). Hence, before the first acceptance, the posterior
remains of the form Fyp), and the game remains in the no-gap case.

Let P(b) denote the equilibrium price at posterior Fjo). Suppose a current price p induces
an interior threshold x. Continuity of payoffs implies that type x is indifferent. The cutoff
dynamics established above imply that o(x) < x. If type = rejects, the next posterior is Fjg ,
and the next seller posts P(z); because the next cutoff is o(x), type x accepts that offer.
Therefore,

xr —p=0plr — P(x)].

Hence, the price that induces cutoff x is

Q(z) :=(1—0p)xr+ dpP(x). (29)

Since the seller is short-lived, her cutoff and price solve

o(b) € arg gl;xcg(x) [F(b) - F(x)], (30)
P(b) = Q(o(b)). (31)
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The omitted factor 1/F(b) is positive and does not affect the maximizer. Equation (29) is
the stationary consumer-indifference equation, equation (30) determines the seller’s optimal
cutoff, and equation (31) gives the associated price.

We apply the weak-Markov construction in Fudenberg et al. (1985, Propositions 1-2
and Appendices 1-2), allowing the seller and consumer to have different discount factors
and setting the seller’s discount factor to zero. This removes the seller’s continuation-value
term from the maximization problem and leaves the current-profit objective in (30). The
consumer-indifference condition is unchanged. The construction for a positive lower bound
and the compactness argument as that bound tends to zero continue to apply. We select a
pure on-path maximizer; randomization may still be used to complete strategies after off-path
histories.

We will also use the standard monotonicity property that o and P can be selected to be
nondecreasing; see Ausubel et al. (2002, Section 3.1.1). For completeness, we provide the direct
revealed-preference argument. Fix 0 < by < by, and write a; = o(b;) and ¢; = Q(a;) = P(b;).

If ay < a1, optimality at the two states gives

q[F'(b1) — F(a1)] > ga[F'(b1) — F(a2)],

@[F(ba) — F(az)] > q[F(b2) — F(a1)].

Adding these inequalities implies go > ¢;. At state by, however, cutoff ay would then generate
a weakly higher price and strictly greater demand than cutoff a;, a contradiction. Thus,
as > ay. If ag > aq, optimality at by requires go > ¢q; if as = aq, then ¢o = ¢;. Hence both o

and P are nondecreasing.

Step 2: Successive rejections. We can now characterize the equilibrium path that ensues if

every price offer is rejected. Equation (28) defines the cutoff sequence recursively. After ¢t — 1
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rejections, the posterior is Fjop:_ ). Equations (29)-(31) imply that seller ¢ posts
p; = P(bi_y) = (1 = dp)b; +05P(b;) = (1 — 0)b; + 0BD; 41

Iterating this identity n times yields

n—1

pi = (1—9p) Z 5gb:+k + 5%p;5k+n'
k=0

Because equilibrium prices lie in [0, 1], the last term converges to zero. Letting n — oo proves
(6).

Step 3: The gap case. Suppose that the first acceptance occurs in period t. Rejection in
period t — 1 revealed v < bf_,, while acceptance in period ¢ reveals v > by. At the beginning
of period ¢ + 1, the posterior is therefore Fjy: =y, a positive-gap posterior. We first specify
equilibrium-path play with every seller charging bf (Step 3a). We then verify that this price
remains optimal after an off-path rejection that lowers the posterior’s upper endpoint while
preserving its lower endpoint b (Step 3b). This verification matters because a rejecting
consumer remains active. After an off-path acceptance, the consumer exits, so we complete

the resulting subgame with a stationary equilibrium (Step 3c).

Step 3a: Equilibrium-path behavior. Prescribe that every seller following the first acceptance
posts bf. For each consumer who enters this continuation, define the stationary reservation-

price function

v, v < by,
ri(v) ==
(1 —=196p)v+dgb;, v>10;

and prescribe acceptance if and only if p < r,(v). Given the seller’s continuation verified in
Step 3b, accepting p gives type v the payoff v — p, whereas rejecting gives dp max{v — b}, 0}.

*

Thus, the reservation rule is sequentially optimal. In particular, every type in [b}, b;_,) accepts
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b;. A price p > b; induces the cutoff

_ p—ogb;
p = P OB%

, or equivalently p=(1—-9dp)xr+dpb;.
1—6p

We next verify the seller’s incentives at posterior Fiy: p+ ). For x € [bf, bf ], define

() = [(1 —dp)r + 53()2‘] {F(b;‘_l) - F(x)}

— {Qa) + 38t} — P(a)]} [F(1_) — F(&)].

as the seller’s unnormalized profit from posting p = (1 — dg)x + dgb;, which induces cutoff .
The second equality follows from Q(x) = (1 — 0p)z + dpP(z). Any price p < b} is accepted
by every type and yields strictly less profit than p = b}; hence, a downward deviation is not
optimal. It remains to consider an upward deviation p > b}, which induces x € (b}, b;_,].
Two inequalities rule out such a deviation. First, because b; = o(b;_,), optimality in the

preceding no-gap subgame gives
Q) [F(b;_y) — F(x)] < Q) [F(b_y) — F(by)]. (32)
Second, since o(b) < bf and P is nondecreasing,
P(by) = Qo (b})) = (1 = dp)a(b;) + 6pP (0 (b)) < (1 = dp)a(by) + dpP (b)),
so P(b}) < o(b;) < b;. Because P is nondecreasing and P(b;) < b},
b7 — P()][F(b_y) = F(x)] < [bf = PO} [F(bi,) — F(b)]. (33)
If P(x) > b, the left-hand side is nonpositive. Otherwise, both nonnegative factors on the left

are weakly smaller than their counterparts on the right. Expanding the preceding expression
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for m;(z), we can now conclude that

m(r) = Q) [F(b;_,) — F(x)| + dp[b; — P(x)][F(b;_,) - F(x)]
<{Q;) + dslb; — PO} F(b;-) — F(b})]

= G [F(b;,) — F(0))] = m(b}),

where the inequality follows by multiplying (33) by 05 and adding it to (32); the final two
equalities follow from Q(bf) = (1 — dp)b; + dpP(b;) and the definition of 7 (d}), respectively.
Thus, m(x) < m(b}) for every x € (b}, b;_,]. Hence, no deviation above b} is optimal.

At the equilibrium price b;, every type in [b}, bj_;) accepts. Acceptance does not change
the posterior, and the consumer exits and is replaced by an identical consumer. Hence,
the same positive-gap posterior recurs in every subsequent period. This is precisely the

post-acceptance behavior stated in the proposition.

Step 3b: Continuation following an off-path rejection. Suppose that a seller facing posterior
Flpz b+ ) posts an off-path price above b; that induces cutoff b € (bf,;_,), and the consumer
rejects. Under full disclosure, the next seller’s posterior is Fj: 3). More generally, repeated
rejections can generate any posterior of this form with b < b;_,. Because the same consumer
remains active after a rejection, we must verify that the next seller still posts b;.

For = € [b}, b], let
mp(x) = [(1 = 6p)x + 6507 | [F(b) — F(x)]

denote the next seller’s unnormalized profit from inducing cutoff x. Log-concavity of f implies
that the truncated tail F'(b) — F'(x) is log-concave in x. The other factor is positive and

log-concave, so 7, is log-concave. Step 3a shows that m;, which corresponds to the upper
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endpoint b;_,, is maximized at b; and hence has a nonpositive right derivative there. Since

mp(0i+) = (1= 0p)[F(b) — F(b7)] — b £ (b})
< (1= 0p)[F(bi_1) = F(b;)] = by £ (b))

= m(bj+) <0,

log-concavity implies that m;; is nonincreasing on [b},b]. Thus, the next seller optimally
posts by. The same argument applies after every subsequent rejection. This validates the
continuation payoff 05 max{v — bf,0} used in Step 3a and establishes sequential rationality

of the prescribed reservation rule.

Step 3c: Other off-path histories. An off-path acceptance may create a positive-gap posterior
whose lower endpoint differs from bf. The accepting consumer exits, and the current seller is
short-lived, so play in the resulting subgame affects neither player’s current payoff.

We complete every such positive-gap subgame using the weak-Markov construction of
Fudenberg et al. (1985, Proposition 1), specialized to a zero seller discount factor as in Step 1.
No-gap continuations are completed using the stationary equilibrium constructed in Step 1.

Together, Steps 3a—3c define a stationary equilibrium continuation after the first acceptance.
Along its equilibrium path, every seller posts b; and every entering consumer with v > b}

accepts. Together with Lemma 8, this proves part 1.

Step 4: Learning. If the first ¢ offers are rejected, part 1 implies that v* € [0,b}), and
full disclosure gives the platform posterior Fjgpr). If the first acceptance occurs in period
t’ < t, then the previous offers were rejected and the period-t’ offer was accepted. Hence,
v* € [bf, b _), with the upper endpoint included when ¢ = 1, and the platform’s posterior
is the prior conditional on that interval. By part 1, every subsequent seller posts b} and
every replacement consumer accepts. These purchases reveal no additional information, so

the posterior remains unchanged. O]
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Corollary 1 (Rejection-path offers as consumers become patient). For any family, indexed

by 0p € (0,1), of the stationary equilibria constructed in Proposition 1, and every fived t > 1,
lim p; (05) = 0.

Proof. Consider any such family of stationary equilibria. We first prove that pi(dg) — 0. Fix

0p and suppress its argument. Let
my = F(b_) — F(b;)

denote the probability mass of valuations for which a purchase occurs for the first time in
period t. Two bounds drive the argument when prices remain bounded away from zero. The
probability mass purchasing for the first time must be at least of order 1 — g, but successive
masses must shrink by a factor of that same order. Applying the second bound twice yields a
contradiction as dp T 1. Fix € € (0,1]. Whenever p; > ¢, equation (6) implies by > p; > ¢.
Seller ¢ can deviate to the price Q(¢/2) and induce cutoff €/2. Because Q(g/2) > (1 —0p)e/2,

optimality of p; gives
pime > Q(e/2)[F(bi_) — F(e/2)] > (1 - dp),

where

Since p; < 1, it follows that
my > c.(1 —0p) whenever p; > ¢. (34)

Seller ¢ can also post p;,, = Q(b;,,), thereby inducing cutoff b}, , and selling to the mass
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my + myyq1. Seller optimality therefore implies

pime 2 prog(me + miga).

Moreover, equation (6) gives p;,; < bf,; < b;. The price recursion established in the proof of

Proposition 1 yields

0<p; _p;tk+1 = (1-104p)(b; _p;rl) <1-9p.

Consequently,
1—0p

M1 < > €.

my whenever p;, | > ¢ (35)

Suppose, toward a contradiction, that pj(dg) does not converge to zero. Then there are
n € (0,1] and a sequence {0p,} converging to one along which pi(dp,) > 1. Set ¢ = n/2.
For all sufficiently large n,

1 —0p, < min {270582} .

Fix such an n, set dp = dp,,, and suppress this argument. Because prices decrease by at

most 1 — dp per period, pi,ps, p5 > €. Applying (35) twice and using m; < 1 gives
1—65\° 1-65\°
€ €

ms Z 65(1 — 53),

By (34), however,

which contradicts 1 — dp < c.e%. Hence p}(dg) — 0. Finally, the monotonicity of P and the
strict decrease of {b;} imply 0 < p}(0p) < pi(dp) for every t > 1. Thus, p;(dp) — 0 for every
fixed t¢. O
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The following example perturbs the uniform prior and shows that patience can raise or

lower the cutoff in each period relative to the benchmark with short-lived consumers.

Example 2 (Cutoffs can move in either direction). Consider F¢(v) = v+£(v?—v), £ € (—1,1).

Figure 5 plots the percentage change in the period-t cutoff relative to its myopic value for

the first ten periods. For & = 0.5, the displayed increases in patience raise these cutoffs; for

¢ = —0.5, they lower them.

——0p=0 -#4-6p=05 -x-5=0.99

Figure 5: Percentage change in the full-disclosure cutoffs. Panels (a)

¢ = 0.5 and £ = —0.5, respectively. Each curve plots A;(0p,&) := 100 [bgl‘sf;

first ten periods.

Details for Example 2. For |£| < 1, the density is strictly positive and
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and (b) use
— 1] for the

so the maintained log-concavity assumption is satisfied. Normalize the inducing-price schedule

by setting ¢s, ¢ = Qs,.¢/(1 — dp). Equation (27) becomes

G£(%) = T + 0845, ¢ (05,6()),  05p6(b) € argmax gy, ¢ (x)[Fe(b) — Fe(z)].  (36)

z€[0,b]
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Numerical construction of Figure 5. For £ € {—0.5,0.5} and dp € {0,0.5,0.99}, we approxi-
mate o5, ¢(b)/b and gs,, ¢(b) /b by degree-40 Chebyshev polynomials on 401 Chebyshev-Lobatto
nodes. Starting from o(b) = b/2, we alternate between computing the normalized price

schedule for a given cutoff rule and updating that rule. For a given o, the price schedule is

Gop.o () = ) O50™ (2).
k=0

Here 0%(z) = x and o**(z) = o(c"(z)). We then update o(b) using the unique interior
solution to

qu,U(‘T)[Fé(b) - F&(l’)} - Q6B,U(x)f€(x) =0.

The continuation series is truncated when its largest new term is below 10716, and the policy
iteration stops when the sup-norm change is below 3 x 107*. If |o(z)| < n|z| for some
n < 1, the error after truncating the series at K is bounded by z(dpn)5 /(1 — dzn). We
obtain the underlying cutoff paths recursively from b5 = 1 and b = o(b;_;) and compute the
plotted percentage changes from them. Repeating the calculation with 301 nodes and degree
30, and with 601 nodes and degree 55, leaves all plotted values unchanged at the reported
precision; the largest first-order-condition residual along the paths is below 3.2 x 107, At
every collocation state, we also verify the seller’s objective over the full feasible interval.
The computed normalized inducing-price schedule is strictly log-concave in all six cases, so
the objective is strictly log-concave and its first-order-condition root is the unique global
maximizer. An independent grid search finds no profitable deviation, with comparison error

below 3.3 x 10715, O

OB.3. Learning for arbitrarily patient consumers

Use Appendix B.1’s notation and assumptions, writing 6 = g and o =1 — 4.
Theorem 4 (Learning with long-lived consumers). For every e > 0 and every dg € (0,1) the

platform can e-learn all valuations in finite time.
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Proof. The construction has two stages. A finite sequence of declining offers either identifies
an interval between consecutive cutoffs or places the valuation in a bottom interval of length
less than €. Following an acceptance, the construction from Appendix B.1 refines the identified
interval.

Initial offers. For each integer K > 1, choose 1 =7 > -+ > 7 >0and P, > --- >

Px > Pyy1 = a, where a = p(7g), Py = atp + 6Pry1, and, for k=1,... K,
a[F(i-1) = F (k)] = Pef(7k)- (37)

Construct backward from 7 = z € (0,1) and Pxy1 = p(z), using the price equation and
To1 = F7Y(F (1) + Pi.f(1%)/c). Since B, > aTy, (37) makes static profit’s derivative positive
at 7y, giving 7 < p(7p—1) < p(1) < 1. The recursion is continuous and feasible for small z.
At its maximal feasible endpoint z* < p(1) < 1, limits exist recursively; intermediate inverse
arguments stay below F'(p(1)) < 1. The final argument must reach one; otherwise, continuity
extends feasibility; hence 7 = 1. Backward induction gives P11 < P < 7.

To obtain the desired precision, let f = min f > 0 and f = max f. The static first-order
condition gives p(u) < qu, where ¢ = f/(f + f) < 1. Choose a finite K such that ¢* < e.
Then 7% < ¢ <e.

Design. Send D; to the first seller (replacing Appendix B.1’s rule 1).

In the postulated equilibrium, sellers offer P, after Dy, for 1 < k < K 4 1. The initial

consumer and consumers entering at Dy accept p < R(v), where
R(v) = max({r(v)} U{P;:1<j<K, 7;< v})

Here r(v) = v—§(v—a)*t. This is proven below once we complete the description of the design.

If the initial consumer or a consumer who entered when the message was Dy 1 rejects
a price p € By = (Pry1, Pe] N [1(71), P], k < K, send the next seller Dy, with probability
Ur(p) = [p — r(1%)]/[0(Piy1 — a)] and Dy otherwise; after rejections of other prices send
Dy 1. Since P, — r(15) = 6(Pry1 — a), these probabilities are valid and ¢ (P;) = 1. The

bands are disjoint and exclude a.
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Note that the rule R(-) implies that the consumer buys iff v > 7 in By, and iff p < r(v) out-
side the bands. To see why additional acceptances occur only within the bands, suppose (v) <
p<Pjand 7; <wv. If Pty <p < Py, then j <k < K,sov> 7, and p > r(r). Thus p € By.

Consequently, on path (of the postulated equilibrium), acceptance of Py at Dy, k < K,
identifies I = [7%, 7k—1) (including 1 for k& = 1).

When the initial consumer, or a consumer who entered at Dg .1, accepts Py at Dy, the
next consumer starts at the second test of the construction in Appendix B.1, applied to
I;.. Replace by by ¢ = Pyy1, by by 71, and the upper endpoint 1 by 7,_;. Accordingly, use
rr(v) =v—0(v—¢)" and replace 1 — F(v) by F(7,_1) — F(v) in the profit expressions. The
test prices, lottery probabilities, and purchasing rules (13)—(15) are otherwise unchanged.

For each interval Ij, use separate messages mp k¢, Myity1, and My k¢, beginning with
My k2. Follow Appendix B.1’s instructions for sending these messages, with two replacements:

« After rejection by a consumer who entered at m,, ¢, replace & by Djq.

o Whenever Appendix B.1 prescribes @ after an acceptance, send Dy instead.

The rejection instructions continue to apply while that consumer remains active. The index ¢
records the test number; deviations that change its calendar date do not change its message.

By (37), ri(v)[F(mk—1) — F'(v)] has derivative zero at 7 and decreases thereafter by log-
concavity. When consecutive cutoffs coincide at u > 75, Appendix B.1’s prescribed price
earns the seller ad(u — ¢;) > 0 more than selling to everyone at r(u). Continuity permits a
finite grid with all learned intervals shorter than £ and each test more profitable than selling
to everyone at the preceding cutoff’s reservation price (9).

Incentives. Sellers. At Dy, k < K, the seller believes v ~ Fo;, ,) and that the consumer
uses the threshold rule R. On this interval, R(v) < av+ §Pyy1. At p=ay+ 6P, 0 <y <
Tk—1, consumers must have v > y, so profit is at most (ay + 6 Pey1)[F(16-1) — F(y)]/ F (Tp—1).
By the initial-offer condition (37) and log-concavity, this bound is maximized at y = 7. At Py,
the purchasing consumers are exactly those with v > 7, so the bound is attained. Prices below

0P, 1 earn less than the bound at y = 0; prices above ati_1 + §Pry1 sell nothing. At Dy 4,
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belief Fio ;) gives R = r < v; static profit bounds actual profit and is attained at a = p(7x).

Consumers. Outside the bands, rejection brings a forever; buying is optimal iff v — p >
d(v—a)™, or p < r(v). Check the bands in decreasing order of k. For p € By, write ) = ¢ (p).
Rejection brings Py; with probability ¢ and a otherwise. The lottery definition gives p =
atp+0[Y Py +(1—1)al. If v > 74, the already-verified continuation buys next period at either
price. Buying now therefore gains v—p—9[)(v—Pry1)+(1—=¢)(v—a)] = a(v—7;) > 0. Ifv <
Tk, the already-verified continuation is at least as good as buying next period or never buying.
Waiting thus gives at least d[1)(v— Py41)+(1—1)(v—a)], so buying gains at most a(v—7) < 0.
Thus the cutoff 7, and hence R, is optimal. For a consumer who entered at m,, s+, rejection of
¢ sends Dy again, since ¢ < 74 (7%). Thus, this consumer continues to face ¢; until purchase.
The remaining consumer incentive checks in Appendix B.1 apply with the same substitutions.

Beliefs and learning. When strategies are followed, each seller’s belief is F' restricted to
her message’s interval. If deviations make a message arrive earlier or later, the seller retains
the same belief about v. Initial and repeated rejections of Py_; produce Dy; accepting Py at
Dy, starts Appendix B.1 within I,. Within [, another rejection of the same test price sends
My 141 Again. A consumer who entered at my, k¢ Teceives that same message after either
decision. An initial Py rejection reveals [0, 7x) and sends Dg 1. There, both acceptance and
rejection of a send Dy 1; the next seller does not observe the decision, so her belief remains
Fjo,7i)- Observing a seller’s price leaves beliefs about valuation and history unchanged: she
knows only the date and message (no-signaling). Reservation rules remain fixed. Distinct
entry messages give distinct beliefs; consumers entering at Dy or Dk use R, with no entry
at intermediate Dy (Definition 2).

All K rejections identify [0, 7k ), shorter than ; the first acceptance identifies I, which

Appendix B.1 refines. With Ny, refinement tests, T'(¢,dp) = K 4+ maxy Ny + 1 suffices. [
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OB.4. Consistency of Beliefs
OB.4.a. Common perturbations of consumers and sellers

We construct a common perturbation of consumers’ and sellers’ behavior. At every fixed
date and permitted message, the resulting Bayesian beliefs converge to the public valuation
beliefs supporting Theorem 2 and to sellers’ beliefs about the past history that generated
their message. The perturbations allow mistakes and serve to justify beliefs. Sequential
rationality is verified only for the limiting strategies, as in the proof of Theorem 2. The next
subsection also requires approximate sequential rationality for the perturbed strategies, using

Myerson and Reny’s notion of conditional e-equilibrium.

Notation. Fix the information design and strategies in the theorem’s construction. Recall

the grid 0 < by < --- < by < 1, let byy1 = 1, and write

v, v < b07
r(v) = Pn = (1= 0p)by + dp7(bn-1).
(1 —=0p)v+dpby, v > by,

The prescribed seller price p*(m) equals p,, at my,, 7(bn—1) at My 41, b, at myp,, and by at

g. Forn=2,...,N, put

p—7(bn)

o= laersbe), Wa=[rGa)pd Aalp) = — o

(p € Wy).

A consumer entering at m,, accepts a price in W), exactly when v > b,; outside W,,, he
accepts exactly when p < r(v). Whenever this consumer rejects p € W,,, the design sends
My n1 With probability A, (p) and otherwise sends @. Other rejections send @. These rules

depend on his entry message and continue to apply while he remains active.
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A common perturbation. Choose a feasible price P > 1 and an atomless distribution
Q with a strictly positive density on the price set.?” For 0 < n < 1/3, perturb every seller’s
strategy to

af (dp | m) = (1 =1 = 0?)8p-(my (dp) + 1dp(dp) +n*Q(dp), (38)

where ¢, is the point mass at p. At every consumer information set, replace the prescribed

acceptance probability S by
B =(=p)B+5 = (39)

Use fresh, independent random draws at every move, keeping the prior and information
design fixed. These rules define a single probability law P" over play. Under the prescribed
strategy, consumers reject P at every valuation. Offers of P have probability 1, whereas
draws from @Q have probability n?. Thus, in the leading histories identified below, waiting
is generated by rejections of P, which do not select among valuations. Consumer mistakes
vanish faster than every power of 7.

Let h'=! record past prices, decisions, and messages. At each date t and message m

permitted at that date, define the seller’s joint posterior
M7 (- | m) =P"((v, k1) € - [ my = m).

Its valuation marginal p (- | m) is the public belief. Individual prices drawn from @ have
probability zero, but every message has positive probability under P7 at each date at which
the information design permits it to be sent. Bayes’ rule therefore determines these posteriors

by integrating over the histories that generate the message.

With nonnegative unbounded prices, one may take P = 2 and Q(dp) = e Pdp. With prices in [0, 7],
p > 1, take P € (1,p) and let @ be uniform.
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Proposition 8 (Common perturbation consistency). At every fived date t and permitted
message m, the perturbed posterior II} (- | m) converges to a limiting belief over valuations and
past histories. Convergence is in total variation: the largest difference between the probabilities
that the perturbed and limiting beliefs assign to any event tends to zero as n | 0. The limiting

valuation marginal s

pu(- | m) = - (40)
FJna m:mr,n+17t2n+]—72§n§N7

F[bn,bn+1)7 m=mpy,, t>n+3 1<n<N,

F[bN,1]7 m = myn, t> N+ 1.

Here F; denotes the prior conditional on I. These limiting beliefs support the strategies and

outcomes of the construction in Theorem 2.

Proof. Messages with positive equilibrium probability. On path, rejection of p; leads to @
forever. Rejection of p,, n > 2, leads to m,.,,11; acceptance of r(b,_1) then leads to my,—1
forever. Acceptance of py leads to my, y forever. Each message in (40) therefore has positive
equilibrium probability at every date listed there, except m, 41 at t > n + 2. At any fixed
date, the joint distribution of the valuation, past history, and current message converges
to its equilibrium distribution, because the probability of any earlier tremble tends to zero.
Conditioning proves the claim for all positive-probability cases.

Off-path rejection messages. On the equilibrium path, message m,. 11 occurs only in
period n+1. We now consider this same message occurring at a later date ¢ > n+ 2, following

deviations that keep the consumer who entered in period n in the market.
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Fix n > 2 and such a date ¢, and set

Cn = /Wn An(9)Q(dg) > 0.

First consider histories without consumer mistakes. Reaching m,,,, requires acceptance of the
exact prescribed prices pi,...,pn—1, S0 v > b,_;. Generating m, ,+1 requires a rejection in
W, sov < b,. Thus v € J,, and the consumer who entered at date n must still be active. On
Jy, both prescribed continuation prices, by and r(b,_1), are accepted. Keeping this consumer
active therefore requires a seller tremble in every period from n + 1 through ¢ — 1.

The leading histories use prescribed prices through date n, with the first n —1 accepted and
pn rejected. Offers P are then rejected at dates n+1,...,t — 2. Finally, a draw ¢ € W,, from
Q is rejected and the lottery selects m,. , 1. The intermediate sequence is empty if t = n + 2.

Including the requirement that all consumer decisions are prescribed, the joint probability

measure of these histories over (v, q) is

(L—n—n*)"(1—p,/2)" 'L, (v)F(dv) 1w, () A (q)Q(dg). (41)

Every other history producing this message without a consumer mistake requires at least one
additional factor of n: either the first rejection follows a seller tremble, or an intermediate wait-
ing price is drawn from @ instead of being P. For fixed n, ¢, their total probability is O(n*~"*1).

Histories with consumer mistakes. The probability of any consumer decision departing
from the prescribed rule before date ¢ is at most (¢t — 1)p,/2. By (41), the conditioning
message has probability at least a positive constant times n'~". Hence the conditional weight

of all remaining histories is

t—n

O<n+p’7> — 0.
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Conditional on the histories in (41), the valuation and final price are independent, with laws

b Fr. g~ 1Wn(Q))\Z(Q)Q(dQ);

all other history coordinates are fixed. This law is independent of 7, and the remaining
histories have vanishing weight, proving joint convergence. The active consumer retains entry

message 1y, . [

OB.4.b. Myerson and Reny’s perfect conditional e-equilibrium

Online Appendix OB.4.a constructs a common perturbation of consumers and sellers that
generates the beliefs supporting Theorem 2. We now extend that construction to establish
Myerson and Reny’s (2020) perfect conditional e-equilibrium. The additional requirement is
that behavior is approximately optimal throughout an admissible net of perturbations. We
first define these terms, then explain the additions to the preceding construction and verify

optimality:.

A finite upper bound on prices. For this subsection, fix any finite p > 1 and restrict
prices to [0, p]. All prescribed prices in the construction are below one, and the prescribed
consumers reject every price above one, so the construction and its optimality arguments
remain valid. Use the bounded-price specification from Online Appendix OB.4.a: choose
P € (1,p) and let @ be uniform on [0, p|.

The bound matters because consumer mistakes give even very high offers a small positive
acceptance probability. Without a price bound, sellers could earn arbitrarily large expected

profits.

Conditional e-equilibrium. Write g = (0, ) for the prescribed seller and consumer
strategies, respectively. A conditional e-equilibrium allows no continuation deviation to gain

more than e conditional on any positive-probability event in a player’s information. For a
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seller, such an event can be a particular message at a given date. For a consumer, it can
be a measurable collection of valuations, observed histories, and current prices; an exact
observation is included whenever it has positive probability.

More precisely, let Z be such an event at a decision of player ¢, and let d; be any strategy
change from that decision onward. Writing U;(- | Z; F") for conditional expected payoff when

the valuation distribution is F”, the requirement is

Ui(diyg—i | Z; F') < Ui(g | Z; F') + e. (42)

The deviation keeps the player’s earlier behavior unchanged. All feasible continuation
strategies are considered, including every price in [0, p].

Because () is continuous, each individual price has probability zero. We therefore add
small atoms on finite sets of prices and valuations. Later indices retain the earlier sets and
may add new points, so each fixed price and valuation eventually receives positive probability.
Together with an accuracy level, these expanding sets index a net of perturbations.
Definition 4 (Admissible nets and perfect conditional e-equilibrium). Call a net (g%, F'*)
admissible for (g, F) if:

(i) The largest difference between g and g in the probability of any action event, over all

players and all information sets, tends to zero. The largest difference between F'* and
F' in the probability of any valuation event also tends to zero.

(ii) For each fixed information set and each fixed feasible action, there is an index beyond
which that action has positive probability. This index may depend on the information
set and action. The same requirement applies separately to each valuation in a set of
prior probability one.

The information design is kept fixed. For ¢ > 0, the profile g is a perfect conditional e-
equilibrium if there is an admissible net for which every ¢® is a conditional e-equilibrium

under F'®. Such a net is called an e-test net.
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These are the definitions of Myerson and Reny (2020, Sections 4 and 6.1), applied to all
successive sellers and consumers in our model. Their formal model has finitely many players;
we use the same requirements for our countably many successive sellers and consumers, and

verify them directly below.?°

Extending the common perturbation. We retain the seller mixture and the consumer
perturbation in (38)—(39). We add small probabilities to individual prices and valuations
to obtain an admissible net, and stop mistakes after a finite date to control conditional
optimality at all dates.

An index is « = (T, D,V k), where T' > N + 3 is an integer, D C [0,p] and V C [0, 1]
are nonempty finite sets, and k is a positive integer. Later indices have larger T" and k and
contain the earlier sets D and V. The number 1/k will bound the gain from any continuation
deviation.

For a small n € (0,1/4), use through date T’

o (dp | m) = (1 =0 —n" = py)0pem) (dp) + ndp(dp) + n*Q(dp) + p,D°(dp),  (43)

B =p"=(1—py)B+ py/2. (44)

Here D° gives equal probability to the prices in D, and 5% is the acceptance probability at
every consumer information set through date T'. After date T', use the prescribed strategies

g exactly. Perturb the initial valuation distribution to

F = (1= pg)F +pyV°, (45)

where V° gives equal probability to the valuations in V. Random choices are independent

conditional on the relevant information. The information design is unchanged.

26Myerson and Reny explicitly contemplate countably many dates. Here messages, prices, and purchase
decisions occur in successive stages. We represent the platform’s random move by its finite message distribution.
FEach message in its support already has positive probability, so only the initial valuation law needs perturbing.
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Thus, through date T, the consumer perturbation is exactly (39). The seller perturbation
transfers probability p, from the prescribed price in (38) to D°. Similarly, the valuation
perturbation assigns total probability p, to draws from V°. Since p, vanishes faster than
every power of 7, these additions preserve the limiting beliefs established in Proposition 8.

The cutoff T" applies only to mistakes. The game continues forever, and consumers can
consider deviations of any duration. At later indices, the cutoff increases, so every fixed date
is eventually included in the perturbation.

Proposition 9 (Perfect conditional e-equilibrium of the construction). For every finite
p > 1, the strategy profile in Theorem 2, restricted to prices in [0, p], is a perfect conditional
e-equilibrium under Definition j for every e > 0. Its e-test nets can be chosen so that, at
every fixed date and permitted message, the seller’s joint posterior converges to the belief in

Proposition 8.

Proof. Step 1: Control sellers’ beliefs at every date. Let a = n + n? + p, be the total seller
perturbation probability. Compare perturbed play with prescribed play by using the same
valuation and random draws whenever possible. The probability that the two plays ever
differ is at most

er = py +T(a+ py):

the valuation differs with probability at most p,, and departures from prescribed behavior
can occur only during the first 7" dates.

At every date, each message with positive equilibrium probability has probability at least
¢ > 0, where ¢ is independent of the date. This follows from (40): these probabilities are
drawn from a finite list of positive prior interval probabilities. Consequently, when er < ¢/2,
the largest difference between the perturbed and equilibrium conditional probabilities of any
event in (v, h'™1) is at most 4ez/c, at all such messages and dates.

The remaining messages are off-path occurrences of m,,+1. Under these perturbed

strategies, none can occur after date 7'+ 1. Such a message requires a rejection in W,, by
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the consumer who entered at m,,,. After date T', that incumbent can face only by or 7(b,_1),
both strictly below W,,. These offers cannot generate another m,. ;1.

There are therefore only finitely many remaining cases to check: message m,. 41 observed
at date ¢, with n+2 <t < T+ 1. Without the additional probabilities assigned to the prices
in D and valuations in V| play through date T is exactly the common perturbation in Online
Appendix OB.4.a. We can therefore use Proposition 8 directly: for fixed T', the histories in
(41) have probability bounded below by a positive constant times n”, and their conditional
law approaches the stated limiting belief. Assigning these additional probabilities changes
the probability of any event through the message at date 7'+ 1 by at most (1 +7")p,. The

effect after conditioning vanishes because

(1 +Z)p7, _a +T}el/n o
n n

Thus there is a bound dr(n) — 0, for fixed T, on the posterior error at every positive-
probability seller message, uniformly over dates and over the finite sets D, V. Here error
means the largest difference in the probabilities assigned to any event in the valuation and
past history. The comparison belief is the one in Proposition 8.

Step 2: Verify conditional optimality for sellers. At each message, the prescribed price
maximizes profit under the limiting joint belief and the prescribed consumer rule. A posterior
error of at most dr(n) changes profit at any price by at most pdy(n). Consumer mistakes
change it by at most pp, /2. Finally, the seller’s own price randomization costs at most pa.

Hence the gain from any alternative price, including a mixed price choice, is at most

p|2dr(n) + py +a]. (46)

The same bound applies when conditioning on any collection of messages, by averaging over

the messages in that collection.
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Step 3: Verify conditional optimality for consumers. Fix any valuation, observed history,
and current offer at which a consumer acts. The proof of Theorem 2 verifies optimality of the
prescribed continuation at every such history, including valuations outside the public belief’s
support.

Set M =1+ p. Under any fixed consumer continuation strategy, compare play against
prescribed sellers with play against perturbed sellers, using identical draws until the first
different price. If that first difference is j periods ahead, the difference in the consumer’s
continuation payoff is at most M (5%. Its probability is at most a. Summing over j > 0 bounds
the change in expected payoff by Ma/(1 — dg). The consumer’s own mistakes add at most
Mp, /(1 —0p) to this bound.

Comparing an arbitrary continuation deviation with the prescribed perturbed strategy

therefore gives the bound
M(2a + py)
1-65

(47)
We have measured payoffs from the current date. Discounting back to the consumer’s entry
date can only reduce the bound. It holds uniformly over valuations, histories, and continuation
deviations, and hence also conditional on any positive-probability event in the consumer’s
information.

Step 4: Choose the perturbations and verify admissibility. For each (T, D,V k), choose
n > 0 small enough that dy(n) < 1/k, both (46) and (47) are at most 1/k, and

1
< — .
T=%T T

Such a choice exists by Step 1. Every resulting profile is a conditional 1/k-equilibrium. The
largest change in any seller action probability is at most a, in any consumer action probability
at most p, /2, and in any valuation probability at most p,. All these bounds vanish along the

net.
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Eventually T exceeds any fixed decision date. Both consumer actions then have positive
probability, and each fixed seller price eventually belongs to D and also has positive probability.
Each fixed valuation likewise eventually belongs to V. The unchanged message distributions
already give positive probability to each message in their support. Thus the net is admissible.

For any € > 0, the part of the net with & > [1/€] is an e-test net for g. Fix a message and
a date at which it is permitted. Eventually T" reaches that date and the posterior error is at

most 1/k, proving the claimed belief convergence. O]

Implication for the outcome. Under this extension of Myerson and Reny’s definition, the
prescribed outcome distribution is a limit of perfect conditional e-equilibrium distributions:
keep ¢ fixed as € | 0 (Myerson and Reny, 2020, Section 6.2). It therefore meets their

equilibrium-distribution criterion.
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